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Abstract

The Hubbard model is a simplified description for the evolution of interacting
spin—% fermions on a d-dimensional lattice. In a kinetic scaling limit, the Hubbard
model can be associated with a matrix-valued Boltzmann equation, the Hubbard-
Boltzmann equation. Its collision operator is a sum of two qualitatively different
terms: The first term is similar to the collision operator of the fermionic Boltzmann-
Nordheim equation. The second term leads to a momentum-dependent rotation of
the spin basis. The rotation is determined by a principal value integral which depends
quadratically on the state of the system and might become singular for non-smooth
states. In this paper, we prove that the spatially homogeneous equation nevertheless
has global solutions in L>(T¢, (CZXZ) for any initial data Wy which satisfies the “Fermi
constraint” in the sense that 0 < Wy < 1 almost everywhere. We also prove that
there is a unique “physical” solution for which the Fermi constraint holds at all
times. For the proof, we need to make a number of assumptions about the lattice
dispersion relation which, however, are satisfied by the nearest neighbor Hubbard
model, provided that d > 3. These assumptions suffice to guarantee that, although
possibly singular, the local rotation term is generated by a function in L?(T¢,C?*?).
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1 Introduction

As discovered independently by Nordheim [I] and Peierls [2], the dynamics of weakly in-
teracting quantum fluids can be well approximated by a kinetic equation of Boltzmann
type. Mathematical properties of such quantum kinetic equations have been studied
extensively, for a general review one can consult [3] and for recent results we refer to
[, 15 6 7, 18, 9 [10]. Of particular interest in our context is the work of Dolbeault [4] on
the Boltzmann-Nordheim equation for spinless fermions.

In our contribution, we will study the kinetic equation derived from the fermionic
Hubbard model, see [11] for details. Compared to the kinetic equation of [4], there are
three important modifications. The Hubbard model describes the motion of electrons in a
periodic background potential in the tight binding approximation, which means that the
electrons move on the d-dimensional lattice Z¢. In the spatially homogeneous case, the one
considered here, this implies that the Wigner function W (¢, k) at time ¢ is a function on the
d-torus, k € T?, the fundamental zone for the discrete Fourier transform. Secondly, since
electrons have spin %, the Wigner function W (t, k) depends on the spin and so naturally
forms a 2 x 2-matrix. Thus the kinetic equation governs the evolution of a matrix-valued
function on the torus for which, in general, [W (¢, k1), W (t, k2)] # 0 if ky # ko. Hence the
conventional arguments have to be reworked.

The third modification is an appearance of a Vlasov type term in the Boltzmann equa-
tion. In the Hubbard model, the electron interaction is on-site and independent of spin.
Hence, the microscopic Hamiltonian is invariant under global spin rotations. As a conse-
quence, besides a conventional collision operator, the Hubbard-Boltzmann equation con-
tains a term similar to that of the Vlasov equation. The new term rotates the k-dependent
spin basis but does not generate entropy. At the first sight, the Vlasov term appears in-
nocuous but, in fact, it is one major obstacle to overcome before arriving at a well-posed
quantum kinetic equation: the term is defined by a principal value integral which might
generate singularities even for regular initial data.

In the spatially homogeneous case, the Hubbard-Boltzmann equation reads

AW (t, k) =CIW(t, )(k),  C[W] = Caiss|IW] + Coons[ W] . (1.1)

Here W = W;;(t, k) is a 2 x 2 Hermitian matrix at time ¢ > 0 with wave number k € T? and
i,7 € {1,2} counting for the spin-degrees of freedom. Physically, W describes the average
density of electrons at wave number k with a spin density matrix W (¢, k)/ tr(W (¢, k)). We
wish to solve this equation subject to an initial condition

W(0,k) =Wy(k),  forall keT?, (1.2)

i.e., as a Cauchy problem with initial data Wj. The collision operator C[I¥] is a sum of a
dissipative term Cyiss[W] and a conservative Vlasov type term Ceons[WW]. Their properties
depend crucially on the dispersion relation w : T? — R of the waves generated by the
quadratic term of the tight-binding Hamiltonian. For instance, in the Hubbard model on
a d-dimensional square lattice, w(k) = — 25:1 cos(2mk”).
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The dissipative part of the collision operator is given by

CamlW)(hn) = [ dbadliadi 6(1)5()
(Td)3

X (Wlng[mm] + J[WWo W Wy — Wi W J[Wo W] — J[W4W2]W3W1> . (1.3)

where we employ the following notations

Eizk1+k2—]€3—]€4, W= Wi + Wy — Wz — Wy, Wizl—W, (14)
Wi = LU(kl'), Wz = W(l{?z>, WZ = W(l{?z), for i = 1,2,3,4,
JIM] == 1tx(M) — M, for M € C**.

The shorthand notations k£ and w are somewhat rigid, as the dependence on variables k;,
1 = 1,2,3,4, is implicit. We will only use them to shorten the notation for the collision
kernels, in which case k; denotes always the fixed “input” variable and k;, i = 2, 3,4,
the integration variables. The conservative part of the collision operator is written as a
commutator with a WW-dependent “effective Hamiltonian”,

Ccons [W](kl) = _i[Heff[W](kl)v W(kl)] ) (17)

where H.g is defined formally as a principal value integral around w = 0,

1 1
Heff[W](kfl) = 5 p.V./(de)Sdk’Qdk’gdkA 5(&) —

w

X (ng[W2W4] + JWaWa Wy + Wi [WaWVy] + J[W4W2]W3) . (1.8)

The goal of our contribution is to establish that the evolution equation (I1]), together
with ([2), (L3), (L) and (L)), is well-posed for “fermionic initial data”. Since the
original Hubbard model describes fermions, the above Wigner matrix function at any time
t needs to satisfy 0 < W(t,k) < 1, as a matrix inequalit for almost every k; we call
this property the Fermi constraint. Thus from the physics side, it is natural to look for
solutions in the space of Lebesgue measurable functions W (k) which satisfy the Fermi
constraint almost everywhere. This requires to show that, if the initial data W, satisfies
0 < Wy(k) < 1, then this property is propagated in time. For this purpose we use the
approach of Dolbeault, somewhat modified to account for the matrix-valuedness of M and
of the above constraints. Our construction relies heavily on the property that

AJ[BC] + CJ[BA] > 0, (1.9)

for arbitrary nxn matrices A, B, C' > 0. (We thank David Reeb for most helpful discussions
relating to the inequality (L9).)

'We follow the convention that M > 0 if and only if M is a Hermitian matrix and its eigenvalues belong
to [0,00). We also recall that M € C"*" satisfies M > 0 if and only if (2, Mz) > 0 for all z € C", and
that this result is not valid if it is only checked for z € R".



For generic W € L*®(T¢,C**?) we cannot expect that the principal value integral in
(LR) is convergent for all k; € T, or even that it converges almost everywhere to a bounded
function. (Already the standard Hilbert-transform—a unitary operator on L?*(R), defined
via a similar principal value integral—offers such examples: the Hilbert transform of the
characteristic function of any bounded interval has logarithmic divergences at both ends
of the interval.) Of course, one could try to restrict the study to more regular function
spaces in which the limit exists pointwise everywhere. However, there is no a priori reason
why such a space would be invariant under the time-evolution. Our actual construction is
rather indirect, but does achieve the desired goal. More precisely, our strategy is to prove
first the well-posedness of a regularized problem for functions continuous in k, to solve
W = Caiss[W] — i[HS[W], W], and then to show that the solutions converge in L?-norm
to a unique solution of the original problem as the regulator is removed, € — 0.

In the well-studied continuum setup of Boltzmann equations, the dispersion relation is
given by k%, k € R and the energy constraint w = 0 has simple explicit solutions and
one can integrate over both d-functions to obtain an explicit integral operator involving
only Lebesgue measures. In contrast, all lattice systems share the difficulty that even for
the simplest lattice dispersion relations the solutions to w = 0 are not easy to handle.
Integration over d(w) is even more problematic since the result typically involves singular
integral kernels or might become ill-defined. A complete classification of the singularities
resulting from such an integration over the J-functions appears to be a hard problem in
harmonic analysis and is certainly beyond the scope of the present paper.

Instead of a classification result, we provide here a set conditions for the dispersion
relation w under which both the dissipative collision integral and the principal value integral
defining the effective Hamiltonian are sufficiently regular for the resulting solutions to be
L?-continuous. These assumptions and the main results are described in Sec. 2 In fact, for
continuous W the dissipative part Cgiss can be defined even without the last (and the most
complicated) of these conditions. We prove in Sec. Blthat then the formal integrations over
the d-functions in (L3]) can be replaced by an integration over a family of naturally defined
bounded Borel measures. These measures are used in Sec. [l to prove that the regularized
problem is well-posed for continuous initial data. We have presented these results in
somewhat greater generality than what is needed for the proof of the main theorem: such
measures appear also in other phonon Boltzmann equations, and the properties proven in
Sec. [3] could thus be of independent interest.

In Sec. [, we show how the full set of assumptions leads to L2-continuity of the collision
operator and apply the resulting estimates to conclude the proof of the main theorem in
Sec. [l One technical problem in extending the phonon Boltzmann collision operator from
continuous W to functions defined only Lebesgue almost everywhere is related to the mea-
sures derived in Sec. 3 which are singular with respect to the Lebesgue measure. Therefore,
one needs to handle sets of measure zero carefully. In fact, it turns out that instead of
working directly with integrals over the above Borel measures, it is better to define the
collision integral via a limit procedure using L2-approximants which are continuous in k
(Lemma B3] and Corollary B.4]). These two definitions need not be pointwise equivalent, as
the following example illustrates: Consider a function f(x) which takes value one at x = 0
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and is zero elsewhere. Then [dxd(x —x¢)f(x) =1 at 29 = 0 but f is L*-equal to the zero
map fo for which [dz §(xz — o) fo(z) = 0 for all zy. However, should the two definitions of
the collision operator disagree with each other, then the one presented here looks physically
more reasonable: for instance, we prove here that it results in global well-posedness and
in conservation of both total energy and spin. In fact, we show in Proposition [5.4] that the
above definition of the collision integral can be simplified for dispersion relations satisfying
all of the present assumptions. Then it can be defined for W € L* as an L?-limit of
regularized Lebesgue integrals similar to those used in the definition of the principal value
integral in Hg.

To check that a given dispersion relation satisfies the required assumptions, is still a
nontrivial problem in itself. We have included a proof in Appendix [A]l which implies that
our results indeed apply to the nearest neighbor square lattice hopping, at least as long as
the dimension is high enough, d > 3.
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2 Main results

To give a proper mathematical definition of the collision operator C[IW], we need to add
some assumptions about the dispersion relation w. For instance, if we would allow w to be
a constant map, we would have w = 0 everywhere and thus §(w) = oo identically. As in
[12], we formulate our assumptions through properties of oscillatory integrals involving w.
There is considerable freedom, and the following choices are mainly made for convenience:
(DR2) will imply that the term d(w) leads to uniformly bounded measures and (DRB3)
will be used to prove the L2-continuity of H.g. Neither of these conditions is likely to
be optimal, but they facilitate the technical estimates and are general enough to include
many physically relevant cases. For instance, in Appendix[Alwe show that nearest neighbor
interactions on a square lattice with d > 3 satisfy all of the assumptions.

Whenever necessary, the d-torus T? := R?/Z¢ is understood as having the parameter-
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ization [—3, §]d with periodic identifications on the boundary. In particular, arithmetic is

periodically extended to T¢ and we have a normalization dedk =1

Assumption 2.1 (Dispersion relation) Suppose d > 1 and w : T¢ — R satisfies all of
the following:



(DR1) The periodic extension of w is continuous and satisfies w(—k) = w(k).
(DR2) (¢5-dispersivity). Let us consider the free propagator

pt<l’> — /Tddk eiwa-kefitw(k) ) (2_1)

We assume that its {3-norm belongs to L3(dt), in other words, that t — ||p||3 € L.
(DR3) (effective collisional dispersivity) For o € {—1,1}* and k, k" € (T?)? define first

= Z o;wW —|— a4w(k1 + kg kg) (22)

and then

Qi (k, K 0) = Qk;0), Qo(k, k5 0) := Q(k1, Ky, k3): o),
Qu(k, Ky 0) == Q(K0),  Qu(k,K;0) = QK] ks, K3); 0) .

Set for s e R, 0 € {—1,1}*,
G(s;0) = / B Bk o Tz s:u(kk50) (2.3)
(T4)3x (T4)

We assume that Cg := max, [,,ds|G(s;0)] < oo.

To study the solutions we consider the following function spaces

Xg = {W € C(T%,C*?*) | W(k)* = W(k) for all k € T} , (2.4)
Xierm = {W € C(T?,C*?) |0 < k:) 1 for all k € T}, (2.5)
Ly = {W € L*(T¢,C**?) | W (k) ) for a.e. k € T}, (2.6)
L. = {W € L*(T¢,C**?%) } <WwW 1 for a.e. k € Td} (2.7)

We equip the function space Xg with the sup-norm and the equivalence classes in L2 with
L?-norm which makes both spaces into real Banach spaces. It is easy to check that then
Xferm and Lferm are closed convex subsets of Xy and Lﬁ{, respectively.

To make the definitions of the norms explicit, we need to fix the matrix norm for C**2.
Since any two norms on a finite-dimensional vector space are equivalent, the choice does
not play much role in the results. However, it will be convenient to consider here the
Hilbert-Schmidt norm: we define for M € C**?

2
1M = My (2.8)

1,j=1

For the matrix product this implies an estimate ||M'M| < ||M'||[|M]||. The result-
ing L?- and L*-norms in L% are denoted by ||W/|z and ||[W|; explicitly, |[W|3 =
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Jradk tr(W(k)* W (k)) and |[W|le = esssupgepe /tr(W (k)*W (k)), where the essential
supremum refers to the Lebesgue measure.

Our main results are summarized in the following three theorems. The first two give a
precise meaning to the formal notations used in the definition of the collision operator. In
the first theorem we explain how Cg;s is connected to a natural bounded Borel measure.

Theorem 2.2 Suppose w satisfies the conditions (DR1) and (DR2). In the collision op-
erator, for a given ki € T¢, the notation dkodksdk,d(k)d(w) refers to a reqular complete
bounded positive measure on (T%)® whose o-algebra contains Borel sets and which satisfies
for any F € C((T%)3)
: dkadks £
dkodksdky 6(k)S(w) F (ko k3, ky) = 1 F(ko, k3, k1 + kg — k3)——— .
/(Td)B odk3dky 6 (k)0 (w) F (K, ks, ka) i mp (K2, k3, by + ko 3>€2 e

(2.9)

If W € Xporm, then Caiss|W] is defined using this measure in (1.3).
ForW e L2, . Caiss|W] € L% is defined by using continuous approximants, as explained

ferm>
in detail in Corollary (34 If all of the conditions (DH1)-(DR3) hold, then for any W €
L2
ferm

Cdiss[W](]ﬁ) = lim dedk3dk4 5(@) L

e=0% J(Td)3 g2 + w?
x (WAWSTWaWi] + W WV — Wi (WalW] = JIWaWal W), (2.10)
where the limit is taken in L-norm.

The second result shows that H.g can be defined as an “L?-principal value integral”
which can also be obtained as a limit of terms using more regular cutoffs. (In fact, the
second regularization arises naturally in the derivation of the equation from the microscopic
Hubbard model, cf. [11].)

Theorem 2.3 Suppose w satisfies all of the conditions (DR)-(DR3) and define for e > 0
1
H:Wl(k1) := = dkodksdky 0(k) ————
W)k = 5 [ bbb o) 55
X (WgJ[W2W4] + J[W4W2]W3 + WgJ[W2W4] + J[W4W2]W3> . (211)

Then, given W € L3, there is an Li-limit of Hi[W] as e — 0% which we denote by

Heg[W]. In addition, for any W € L2, we can find a sequence €, — 0% such that for

ferm
almost every kq
1 1(jw| >
Heff[W](kl) = lim — dedk?’dk4 5(&) M
n—00 (Td)3 w
o (Wad (WaWal -+ JWaWalWa + Wad (WalWi] + JOVAWRIIWG) - (2.12)

where W := W (k;), i =1,2,3,4.



The third theorem shows that, endowed with the above definitions, the Hubbard-
Boltzmann equation is well-posed for any fermionic initial data. It also implies that the
solution satisfies the basic properties expected from a kinetic scaling limit of the original
Hubbard model: preservation of the Fermi property and of total energy and spin.

Theorem 2.4 Suppose w satisfies all of the conditions (DRIl)-(DR3) and define Cqiss and
Heg as in Theorems [Z2 and [2.3, respectively. If W, € L3 then there is a unique

ferm>

W e CW([0,00), L%, ) such that W (0, k) = Wy(k) almost everywhere and for all t > 0

ferm
atVVt == Cdiss [Wt] - i[Heﬁ [Wt]7 Wt] 5 (21?))

where Wi(k) := W (t, k). Here W; depends L -continuously on Wy and the dependence is
uniform on any compact interval of [0,00). In addition, for allt >0

/dkw(k)trW(t, k:):/ dkw(k) tr Wy (k) , (2.14)
/de(t,k):/ dk Wy(k) € C**2. (2.15)

Here the notation C(V ([0, 00), L2

ferm

ferm - L%—I
which are continuously Fréchet differentiable on (0, 00), considered as an open subset of
the Banach space R, assuming also that the limit ¢ — 0% of the derivatives exists. We
recall here the basic property that if W € C™M([0,00), L2 ) then for all 0 <ty < t; < 00

ferm

) denotes continuous functions [0, c0) — L2

t1
Wy, = Wi, + / ds 9, W, (2.16)

to

where the integral is understood as a vector valued integral in L% over the compact set
[to, t1] and O, W, € L2 denotes the Fréchet derivative at s € [tg,#1]. (Strictly speaking, the
Fréchet derivative should here be an element D € B(R, L%). However, the action of this
map is uniquely determined by giving D1 € L% and we always identify D with D1 for such
maps and denote this by d;W,. Also, such a map is continuously Fréchet differentiable if
and only if the map s — 90;Wj is continuous which shows that the above vector valued
integral in L% is well-defined for any W € CW([0,00), L% ). After these preliminaries,

(219)) follows from the fundamental theorem of calculus and the easily checked property
that O,A[W;] = A[9, W] for any dual element A € (L3)*.)

3 Basic properties of the dissipative term Cgig

This section concerns the definition of the dissipative part of the collision operator. In
particular, our goal is to show that the first two assumptions, (DRI and (DRZ), suffice
to define the dissipative term Cyiss[WW] via a Borel measure with an L?-continuity property
which will be needed later.



We begin by showing that the measure merits its symbolic notation which uses the two
formal delta-functions, at least as long as the integrand is continuous. This is the main
goal of the first Proposition here. The result is somewhat more general than what we need
for the present proof but the apparently superfluous properties could well become useful
in rigorous studies of other phonon Boltzmann equations. For the statement, we consider
more general “energy constraints”: define for k € (T9)* and o € {—1,1}4

th:Z}w%% (3.1)

This is related to the definition in (2.2) by Q(k, o) = Q((k1, k1, k2), o), whenever ky + ko =
ks + k4 (mod 1). In addition, the combination appearing in the definition of the collision
operator satisfies w = Q(k, (1,1, -1, —1)).

Proposition 3.1 Assume that w : T* — R is continuous and satisfies (DH2), and define
Q and Q as in (Z3) and (31). Then for every ky € T¢, a € R, and o € {—1,1}* the map

(1 s P tim [ ¥ o e bk — kg © ,
€07 (T4)? i g2+ (Q«klv k27 k3)7 U) - a)Q

(3.2)

defines a regular complete bounded positive measure on (T%)3, o-algebra containing Borel
sets, which we denote by vk, oo (d3k) or f(Td)g,dedk:gdkél 0(QUk,0) —a)d(ky + ko — ks — ky).
The measure has the following properties, for any fized o,

1. Define ocon(k1, o;0) := [dvg, 0. Then oeon € C(T? x R).

2. The set {(k, ks, ka) € (T?)? | ky + ks — ks — ky =0, Q(k,0) = o} contains the sup-
port of the measure Vg, o.,-

3. Suppose F € C((T9)3), f € C(R), k; € T¢, and o € R are given. Then

/ Vo o (@) £k, ), 0)) F(K) = f() / Voo K)F() . (33)

In particular, [vg, 0.(d3K) Q((k1, k'), 0)F (k') = 0 for any F € C((T%)?) and all
k, € T.

4. If G € C((TH)* x R), then the map (k1, @) = [Vk, 00 (PPK) G(k1, k', @) is continuous
on T¢ x R.

5. Suppose F € C((T%)? x R) and m > supy, |Q(k,0)|. Then for all ky € T we have
I da ([vey,00(BK) F(K, a)) = f(Td)Qdedkg F(ko, ks, ky1+ko—ks, Q((k1, k2, k3), 0)).



Proof: o will be considered fixed in the following, and we drop the dependence on it from
the notation here. Define for x € R and ¢ > 0

R J
©2(x) = o and @°(z) = 3¢ elal (3.4)
Then cﬁa E L' N L, and it is straightforward to check that pointwise for all x € R we
have ©2(z) = [ _ds ¢?(s)e™”. We need to consider the maps

dkodk ~
Akl,a,e[F] = / Qﬂ_ 3 F(k% k37 kl + k2 k3)905<9<<k17 k27 k3)7 U) - Oé) (35)
(Td)2

which are all obviously continuous linear functionals on C'((T%)?) with

dkodk ~
el [ T2 0k b ki), ) = ) = Cor (36)
T

™

In addition, Fubini’s theorem yields for any F' € C'((T%)?)

> dksdk ” .
Aky e F] = / ds @2(s) /(w) 2 ko, kg, kg A+ kg — Kg)elsA(Frkaka)o)isa (g 7)

™

Assume first that F is a trigonometric polynomial, i.e., that there is f : (Z%)* — C
which has finite support and

F(ky= Y e ™ f(z). (3.8)

Then

/ dhkadks F (ka, ks, ky + ky — ky)els@(Fhaka).o)isa
(74)2

— Z eiSUlw(kl)fisaf(x) / dk2dk3 eis(ogw(kg)+03w(k3)+a4w(k1+k27k3))

a3 (T)2
z€(Z%)
% 67127'('(]{)2-(1’1+:B3)+k3-(1’271'3)+k1-1’3) ) (39)

The remaining convolution integral can be expressed in terms of p;(x), which is the inverse
Fourier transform of k — e %) Using Parseval’s theorem to the ks-integral and then
Fubini’s theorem proves that (3.9) is equal to

Y eelimiapg) N Sty L (—y — 21— 22)pous(y + T2 — T3)D_ay(y) -
x€(Z4)3 yEZd

(3.10)
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Thus by Holder’s inequality, the property |[p_s||s = ||ps||s, and using (DR, its absolute
value is bounded by ||f|l1]lps|l5 € L'(ds). Therefore, dominated convergence can be used
here to prove that, when ¢ — 07,

o dkodk = )
Apy 0l F] — / ds (/ Sl F(ko, ks, k1 + ko — /{Z3)€139((k1’k2’k3)’0)lsa) . (3.11)
—00 (']I‘d)2

2T

In addition, dominated convergence also implies that the limit defines a continuous function
of (ky,a), as both F and Q are continuous. Applying the bounds for f(z) = 1(z = 0),
i.e., for F'(k) =1, also proves that there is C' < 0o, independent of «, k; and ¢, such that
Crioe < C".

Therefore, we have now proven that (Ag, a.c)e>0, With o, k; fixed, form an equicontinu-
ous family of linear functionals on C((T%)?) which converges at any F which is a trigono-
metric polynomial. Since trigonometric polynomials are dense in C((T%)?) by the Stone-
Weierstrass theorem, this implies that the family converges then for any F' € C((T¢)3) and
the limit defines a unique Ay, o € C((T%)3)*. (Such a statement is true for any equicontinu-
ous sequence of linear mappings between Banach spaces; for a more generic statement, see
for instance [13] Exercise 2.14]. By (3.11)), the limits obtained from an arbitrary sequence
en, > 0 with €, — 0 agree on a dense set, and therefore they must all be equal. We denote
the common limit by Ay, , and it follows that lim. o+ Ak, 0 [F] = Ak, o[ F] for all continu-
ous F'| even though it could well happen that the integral on the right hand side of (311])
is not absolutely convergent for some F'.) Since obviously A, o[F] > 0 for any F' > 0 and
(T4)3 is compact, Riesz representation theorem implies that there is a complete regular
positive measure vy, , such that its o-algebra contains Borel sets and Ay, o[F]| = f dvg, oF
for F € C((T%)?). In addition, since oeon(ki, @) = [dvg, 0 = limy oo Crya1m < C7, the
measure is bounded and o, is a continuous function of k1, . We have thus proven the
first part of the Proposition, and item [I] in the second part.

To prove item [2 fix k;, denote v := 14, , and assume that

k¢ Si={ke (T |k +k — ks — ks =0, Qk,0) =a} . (3.12)

Since w is continuous, S is closed, and thus there is § > 0 such that B(/::, 20) C S°. We
can then choose a sequence of continuous approximants ¢,, € ¢ ((T%)?) of the characteristic
function of the open ball B(k,d/2) such that the sequence converges pointwise, has values

in [0,1] and is equal to 0 for any &' with |k — k| > 6. By dominated convergence, then
v(B(k,6/2)) = lim, o0 [v(APK) b, (K'). Here

. dkodks €
V(PR (k) = lim (kg s ey + iy — _ .
/( k) = i [ S ok b= )

(3.13)

Let S; denote the support of the function (ks, k3) — ¢n(ke, k3, k1 + ko — k3). If S is empty,
then the map is zero and [v(d*k’) ¢, (k') = 0. Assume thus Sy # (. If (ko, k3) € Sy, then
k' = (ky, ks, ky + ky — k3) € supp ¢, and thus &’ & S and therefore Q((ky, ks, k3),0) =
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Q((k1, k'), 0) # a. Since Sy is compact and (kg k3) — |Q((k1, k2, k3), 0) — a is continuous,
there is a minimum ¢y of the map on S, and ¢y > 0. But then the integrand in (B.13) is
bounded by &/c3, which implies that [v(d*k’) ¢, (k') = 0. Therefore, v(B(k,5/2)) = 0 and
thus & is not in the support of vy, o. This proves item [2

Item [l is then a consequence of the fact that, since the support of 14, , is part of the
Borel set S, necessarily for any continuous function G' one has f dvg, oG = f 5 AV oG-
To prove item H] consider the map I : (ki, ) — [V 00(d*K) G(k1, K, ) for some G €
C((T4)* x R). Set r := 1+ sup,, |Q(k, o)|, which is finite since Q is continuous, and choose
a function f € C(R) such that 0 < f <1 and f(x) =1 forall || <r —1and f(x) =0
for all |z| > r. Define G(k,a) := f(a)G(k,a). By the Stone-Weierstrass theorem, we can
find a sequence 1, (k, ) such that it converges uniformly to G on (T?)* x [—r, r] and each
¥, is a linear combination of functions of the form e~ im@0-a/re=i2m Xii kiwi with z; € 77,
j=0,1,...,4. Clearly, I(k1,®) = [VUp, 00(d3K) G(k1, k', @) if || < r — 1, but this in fact
holds for all « since for |a] > 7 — 1 we have [vg, 00(d®K) G(ki, K',«) = 0 = I(k1, ) by
item 2l By the previous results, each of the functions (ki, @) — [V a0 (PK') ¢y (K1, K, @)
is continuous and hence so is I on (T9)* x [—r,r]. However, I(ki,a) = 0 for all |a| > r,
and thus [ is everywhere continuous.

To prove item [3, suppose F € C((T%)? x R) and m > sup,, |Q(k, 0)|, and fix k; € T
By the previous results, we can then apply dominated convergence and Fubini’s theorem
and conclude that

/Zda (/z/kl,av(,(dgk;’) F(K, a))

= lim dedkB / do F(/’CQ, k‘g, k‘l + k‘z - k‘g, a) = < .
e 07 J(1d)2 T —-m %+ (Q((klv ka2, k3>7 U) - a)Q

(3.14)

We change the integration variable o to s = (Q — a)/e, where Q := Q((ky, ko, k3), 0).

The resulting integral is f(gzjg)/a “ds 5 F(ka, k3, ky + ko — ks, Q — es) which is uniformly

bounded and, since |Q| < m, it approaches wF (ky, ks, k1 + ko — ks, Q) when € — 0. Dom-
inated convergence can thus be applied to conclude that [ da ([vg, a0(d*K) F(K,a)) =

f(Td)gdedkg F(kg, ks, k1+ ko — k3, Q((k1, k2, k3),0)). This concludes the proof of the Propo-
sition. 0

In particular, the result thus implies that the (up to now formal) J-functions in the
definition of Cg;ss correspond to a well-defined measure. From now on we denote it by vy,
ky € T? ie., we set v, = Vk1,0,(1,1,—1,—1)- The following results explain how we use it
to define Cais[W] if W € L% . This somewhat indirect construction appears necessary
since ki — [k, 0, (d*k)F (k) might not even map sets of Lebesgue measure zero on (T%)3
into sets of measure zero on T?¢. Nevertheless, Corollary [3.4] shows that the dissipative
part of the collision operator, which only contains products of L>(T¢)-functions, can be

meaningfully extended into a map from (L>(T%))? to L°>(T?).
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We begin with a result which shows that “Fubini’s theorem” works despite the -
functions if the integrand is continuous.

Corollary 3.2 Suppose that w : T¢ — R satisfies (DHI) and (DR2) and suppose o € R
and o € {—1,1}* are given. Let vy, denote measures satisfying Proposition (31, and set
0@ = (09,01,03,04), 0® = (03,09,01,04) and o = (04,09,01,03). If G : (TH)* — C
s continuous then

/ dky </1/k1,a7(,(d3k:’) G(kl,ki,ké,kg))
Td
= / dks (/V/@,aﬂ(?)(d?’k") G(k}i,k‘g,kf;,ké)) .
Td

= / dks (/ng,a,a(g)(dgk,) G(/{:;, —k‘i,k‘g, —/{:g)) .
Td

_ / dky ( / Vs oo () Gk, =K, —k}, k4)) . (3.15)
Td

Proof: Assume G to be continuous. By Proposition B.1] all four of the above integrals are
over continuous functions and hence well-defined, and we can apply dominated convergence
and Fubini’s theorem to conclude that

/Tddk:4 </1/k47a,a(4) (A*K) G(K,, —K,, —kj, k:4)>

/ /
= lim ARadbrdRs s b W ke k) _ < .
o0t Jpayp T 2 + (Q((ka, k1, k), o) — @)?

(3.16)

By Fubini’s theorem, the value of the integral on the right hand side can be obtained also
by iterating the three integrals in an arbitrary order. Choose to do k4 first and change there
the integration variable to k3 = ki —k|—ky. Then ky = ki, —k} —ks3 and, since w(—k) = w(k),
also w(ky + k) — k) = w(ks3). Do next k], and change the integration variable to ky = —k].
Rename the last integration variable to ky. Then Q((ky, &, k), 0®) = Q((ky, ko, ks3), 0),
and we can conclude that the integral is equal to

dk}g € ))
dk dk 3G ky, ko, kg, by + ko — _ .
/Td 1(/T 2(/T 7 Clbu ko ks o+ ks 3)52+(Q((k1,k2,k3),0)—a)2
(3.17)

Then, by applying Fubini’s and dominated convergence theorem, as well as Proposition
B we find that BI0) is equal to [k ( [V a0 (d®K) G(k1, ki, Ky, k3)). This proves the
equality of the first and last of the expressions in (B.I5). The proofs that the other two
expressions are equal to the first one are very similar, only simpler, and we skip them here.

O
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Lemma 3.3 Assume that w satisfies (DR1) and (DR3). Consider arbitrary w; € L>(T9),

= 1,2,3, and sequences w;, € C(T?), n € N, such that w;,, — w; in L*-norm and
(Wi (k)| < |Jwilloo for all i,n, k. Then there is Co € L*(T?) such that the sequence of
continuous functions ki — f(Td 3 Uiy (BF) TIL, win(k) converges in L? to Cy as n — oo.
In addition, there is a constant C, which depends only on w, such that

3
1Collz~ < CH |wil[ 2o , (3.18)

i=1

and, if w; € L>*(T%), i = 1,2,3, and w}, € C(T%), n € N, are another collection of
functions as above, and C{; denotes the corresponding limit, then

3
ICo = Cllze < Cm? Y Jlw; — w) g2, (3.19)
i=1

where m := max; (|| w;||co, [|Wi]|c0)-
Therefore, we can identify Cy with a unique map (L>°(T%))? — L*(T9). This map
satisfies all of the following properties:
1. It is linear and commutes with complex conjugation, Colw;, wi, wi] = Colwy, wa, ws]*.
2. The bounds (318) and (313) hold for Cy = Colwy, ws, ws] and Cl = Colw], wh, wh].
3. If w; € C(T?) for all i, then Co[wy, we, ws] € C(T?) and for every ky € T4

Colwy, wa, w3](ky) :/ Vi, (2K le ) (3.20)

(T4)3

Proof: Suppose w; ,, w; ,, satisfy the assumptions of the Lemma. Since they are continuous,

SN Gin (1) 1= Jiguys Vo, (4K [Ty win (kL) and g, (1) = fopays v (05K) Ty ! (K
yields continuous functions on T¢, by Proposition Bl Denote C' := SUpPy, o f dvg, 0,07
which is finite by Proposition B:I:I, and set m := max;(|w;||o, [|W}]|) < 00. Then we
have the obvious bounds |g; . (k1)| < C T[._, |[wi]|s and 9. (k1)] < CTI., 1wl o, and, by

telescoping, we also find that for any k;

‘gln(kl) gzn kl | <m Z/d)a Vkl d3 ‘wl n<k/) - w;,n<kz/>| : (321)

Hélder’s inequality and [dk; = 1 imply that [ dk; ([ ve, (43K)|win (k) — w;n(k:;)\)Q
C [ dky [ vi, (K |w; o (K]) — wy, (kj)|*. By Corollary B2, the last expression is equal to
C [ dky|win (ki) — w), (k)] [ Vg, 0060 (APK) < C?llw;, — w),||7.. Therefore,

3
1950 = ginllze < Cm® Y lwip — w),lz2 (3.22)

i=1
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Consider then some ng € N, and define w{,, := w; 4n,. Then wy, — w; in L? and we can
apply the above results to the sequences wy,,. Since then g, = g; n1n, and w; , —wy,, — 0,
the bound in ([3.22) proves that g;, is a Cauchy sequence in L*. Hence the L*limit Cy
exists and there is a subsequence (n,) such that Co(k) := limy 0 gin, (k) for Lebesgue
almost every k € T%. At every such point we thus have |Co(k)| < CTI>_, |[willso- Hence
(BI8) holds, and we have proven the first part of the Lemma.

These results can also be applied to the sequences w;,,, and the corresponding limit is
given by Cj = lim,, g; ,. Thus taking n — oo in ([8.22]) proves (3.19).

For the final claim, suppose that w; € L>(T%), i = 1,2, 3, are arbitrary. For each w;, we
can choose a representative such that |w;(k)| < ||w;||e for every k. Then Lusin’s theorem
implies that there are sequences v;,, € C(T%) such that |v;,| < ||w;ille and v;, (k) — w;(k)
almost everywhere. By dominated convergence, then v;,, — w; in L?. Thus we can define
Colw] € L*°(T?), w = (w1, wq, w3), by using the sequences (v;,,) in the above. Suppose w; ,
is some other sequence as in the Lemma, and let Cy denote the corresponding limit. By
(B19), then [|Co —Co[w]||z2 = 0, and hence Cy(k) = Co[w](k) almost everywhere. Therefore,
Co|w] does not depend on the choice of the approximating sequence. In particular, then for
continuous functions (B.20) holds, and proving linearity and commutation with conjugation
is straightforward. This finishes the proof of the Lemma. O

Corollary 3.4 Assume that w satisfies (DH1) and (DH3) and define Cy as in LemmalZ.3.
For any W € L3,,,, and i,7" € {1,2} we define Caiss[Wliv € L>(T?) by using linearity and
Co: we set

Caiss [W]W =7 Z [Wijl <5J2i’C0 [stjm le]ﬁ? Wj4j3] - 5]'31460 [WJ2j37 Wj1j27 Wj‘li/])
je{£1}4

+ V~Vj1i’ (5ij2CO[Wj4j37 VV]éjlv VV]'3J4] - 5j4j360 U;Vjajw VV]éjlv VVij4

)
- VVijl <5j2i’CO[Wj3j4> lejm V~Vj4j3] - 5j3j4CO[Wj2j37 V~Vj1j27 VV]’U’])
- lei/ <5ij260[Wj4j37 Wj2j17 I/T/jsjh] - 5j4jSCO[Wj3j27 Wijl? 7 ij4]>] ) (323>

where 64, = 1(a = b) denotes the Kronecker delta. Collecting the components defines a
matriz function Cqiss[W1] : L?erm — L2 such that Caiss|W] = —Caiss[W]. If W € Xm, then

Caiss|W] € Xm and (I3) holds pointwise. In addition, there is a constant C', which depends
only on w, such that for all W,W' € L2

ferm?
[Caiss[W]lloo < C, (3.24)
”CdiSS[W] - Cdiss[W/] H2 < C”W, - W”2 . (325)

Proof: If M is a matrix such that 0 < M < 1, then |M;;| <1 for all indices ¢, j. Since then
0<1—M <1, we also have |M;;| < 1. Therefore, if W € L3, then W € L, and
[Wijlleo < 1 and ||[Wijllee < 1 for all indices 4,j. Let ¢y denote a constant for which the
bounds (BI8) and (B19) in Lemma B3 hold. We can conclude that all of the above Cyp-

terms are well defined and each has an L*°-norm bounded by ¢;. Multiplying this with W;;
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or I/T/ij does not increase the bound, and thus we can conclude that ||Caiss[W]is || oo < 647c.
Also, it is obvious from the definition that Caiss[W ]} = Caiss[W]i; and hence we have proven
that Cqiss[W] € L3 and it satisfies (3.24). The property CdiSS[W] = —Caiss|[W] is also an
immediate consequence of the definition (B:23)).

If W € Xpy, then each of its component functions is continuous, and then by Lemma
B.3 each action of Cy in (B.23) is given by an integral over the same Borel measure vy, (d*%)
and the resulting functions are continuous in k;. Then the sums can be collected inside the
integral, and the integrand expressed in terms of matrix products. After some algebra, this
proves that then (L3) holds for every ky. Therefore, Caiss[W](k) is everywhere a Hermitian
matrix, and we can conclude that also Cyiss|W]| € Xg.

To prove (3.28), assume that W, W’ € L% are given. Then ||Cqiss[W] — Caiss[W']|l5 =
> i [Caiss[Whisr — Caiss[W']iwr||7- By BI8) and B.I9), ||Caiss[Wlir — Caiss[W'}ir |12 can be
bounded by 647 x 4co||[WW' — W||o. Hence ||Caiss|W] — Caiss[W']||2 < 837co||[W’ — W||o. This
concludes the proof of the corollary. O

We will later also need another consequence of Proposition 3.1} the level sets of Q have
then Lebesgue measure zero. Note that this is not true in general without assumption
(DRE), even for smooth dispersion relations. Consider for instance w which coincides with
a linear map in some neighborhood of 0: then we have Q = 0 in some sufficiently small
ball around zero.

Corollary 3.5 Assume that w : T — R is continuous and satisfies (DRA), consider
a fited o € {—1,1}*, and define Q as in (2.3). Then for any a € R the set S, :=

{k € (T4)3 ‘ Qk,0) = a} is compact and [¢ d*k = 0.

Proof: Fix a € R, and denote ¢j := f s, d3k. By continuity of Q, S, is compact, and hence
Borel measurable. By Fubini’s theorem,

/ dk (/ dk’gdkﬁg 9 )
o e T 24 (Qk,0) — a)?

d3k € d3k € ¢
S — S s p— T
qop @ 4 (ko) P~ Js, T 21 (ko) _ap 72

for any ¢ > 0. However, Proposition 3.1l implies that the left hand side converges to a
finite value as ¢ — 0%, which is possible only if ¢y = 0. O

4 The regularized initial value problem

In this section, we investigate the solutions to the regularized evolution equation. These
solutions will provide a sequence of approximations used in the proof of the main theorem.
The goal is to prove that the regularized problem is well-posed and preserves continuity in
k; in fact, this can be proven even without the assumption (DRE).
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The regularization is defined by choosing an arbitrary e > 0, and setting C¢[W] :=
Caiss|W] + CE, . [W] where CE, [W] := —i[H [W], W] and H:[W](k;) is defined using the
integral in (2.11)). By Corollary B.4] for a given W € Xy also Cqiss[W] € Xm and it satisfies
(L3). It is also straightforward to check that H[W] € Xy for any W € Xg, and hence
also C5 [W] € Xg. Therefore, the regularized collision operator is a well-defined map
from Xy to itself and we can hope to solve the regularized evolution problem in the space
Xu. In fact, we can show that not only is the regularized problem with fermionic initial

data well-posed, but it also preserves the Fermi property and the conservation laws.

Theorem 4.1 Suppose w satisfies (DR1) and (DR3). If Wy € Xferm and € > 0, then there
is a unique W € CU([0,00), Xjerm) such that W(0,k) = Wy(k) for every k, and for all
t >0 and every k € T?,

OWi(k) = Caiss[Wil (k) — i[Heg[Wi](k), Wi(K)] (4.1)

where Wi(k) := W (t, k). In addition, W; depends continuously on Wy on any compact
interval of [0,00), and the solution conserves total energy and spin: equalities (2.14) and

(2.13) hold for all t > 0.

Moreover, to every k € T¢ and 0 < s < t we can then attach a unitary matriz Us o (k; Wh)
such that Ug,(k; Wo) = 1 and for which the map s — U (k; Wo) belongs to CV([0, 1], C**?)
with

05Uy (ks Wo) = Uy ,(k; Wo) Heg[Wi](K) . (4.2)

Then also
t
Wt(/{?) = U;O(/{?, WQ)W()(IC)U;O(IC, Wo)* + / ds U;S(/{?, WO)Cdiss[Ws](k:)Uzs(k; Wo)* . (43)
0

Proof: Suppose w satisfies (DRI and (DRZ), and consider a fixed ¢ > 0. As explained
above, then for any W € Xg, both Caiss[W] and HZ;[W] are defined directly as integrals over
the appropriate measures, and we can use matrix-algebraic manipulations in the integrands
to simplify the formulae. First, we observe that in both cases the highest order monomial
terms cancel out inside the integrand. For HZ;, we can so find the following alternative,
slightly less symmetric but shorter, expression

1 w
Heg[W](ky) = = dkydkgdhy 6(k) ——
e[ W1(k1) /(Td)g 2dkadky 6 (k) o+ 2
X (J[W4 — W |Ws + Wad [Wy — Wa] + J[WaW, + W4W2]) . (4.4)

Furthermore, we can now split the dissipative part into sum of a “gain” and a “loss” term.
Defining

GIW (k1) := 7 / dkydksdy 6(k)3(w) (WgJ[VT/Qm] +J[W4VT/Q]W3) L (45)

(T3 o

DIW](k1) := 7T/ dkadksdky 6(k)d(w) (J[W4W2]W3 + J[W4W2]W3) , (4.6

(T)3
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allows to rewrite (L3)) as
Caiss[W](k1) = GIW](k1) = DIW] (k)W (k1) — W (k1) DIW](k1)" . (4.7)

Here the first term is called the gain term and the rest, the loss term.

As mentioned in the beginning of this section, under the present assumptions, C¢ maps
Xp into itself. There is also an additional symmetry: if W is a solution to 9,W; = C¢[W;]
with initial data W, then W is also a solution, with initial data Wo. To see this, note
that then 9,W, = —C*[W;] where —C¢[W;] = C*[W}], as can be seen by using the property
(W) = W in the integral representations (I3) and in (ZII): this shows that Cys[IW] =
—Caiss|W] and HE;[W] = He[W], and hence also that C5,  [W] = —C5, . [W].

In the proof of the Proposition we follow the strategy used by Dolbeault in [4], albeit
with a somewhat different truncation procedure. We begin by introducing a truncation to
the collision operator which will be employed to ensure the existence of global solutions.

For this, we first set

0, ifz<0,
P(z):=qz, f0<x<1, (4.8)
1, ifz>1.

For any Hermitian matrix M, we then define a positive matrix ®[M]| via symbolic cal-
culus. Explicitly, let \; € o(M), with i counting the eigenvalues, and denote by P; the
corresponding spectral projection operators (which have a two-dimensional range, in case
of a degenerate eigenvalue). Then M = ). A\, P is the spectral decomposition of M and
we define

O[M] =D (NP (4.9)

This results in a Lipschitz map, as the following Lemma shows.

Lemma 4.2 There is a constant C' > 0 such that | ®[M'] — ®[M]| < C||M' — M]|| for all
M, M' € C**?* which are Hermitian. In addition, then 1 —®[M] = ®[1—M], 0 < ®[M] < 1
and M) =M if 0 < M < 1.
Proof: We first observe that ® satisfies
1
bx) =51+l =1 -2)), z€R. (4.10)

Let | M| denote the absolute value of a matrix M, defined by |M| := (M*M)z. Using the
above spectral decomposition of M, we find that |[M| =), |\|F;, and hence by (ZI0)

B[M] = %(1+ M| — |1 — M]). (4.11)
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The map M — |M]| is Lipschitz continuous in the Hilbert-Schmidt norm (this is proven,
for instance, in [14, Theorem 1]). Hence (AI1]) implies that M +— ®[M] is also Lipschitz
continuous, and there is a pure constant C' such that || ®[M'] — ®[M]|| < C||M' — M]|| for
all M, M.

By (4100, clearly ®(1 —z) = 1 — ®(z) for all € R. Since we have >, P, = 1 in the
spectral decomposition, it follows that 1 —®[M] = ®[1 — M|. The other properties of ®[M]
listed in the Lemma are obvious consequences of the definition (4.9). O

As the first step in the proof, we will show that for any wg € Xy there is a unique global
solution w € CM ([0, c0), Xpr) which solves the partially truncated evolution equation

8twt(k) - Cter [wt](k) ) Cfr [U}] = Cdis&tr [w] + Cions,tr [U}] ) (412)

where
Caiss,ur[w](k) := G[@[w]](k) — D[@[w]](k)w (k) — w(k)D[Pw](k)", (4.13)
Cions,tr[w](k) = _1[ sﬁ[q}[w]](k)?w(k)] . (414)

To prove this, we rely on the standard fixed point methods in the Banach spaces Y;, :=
C([0, o], Xm), to > 0, equipped with the norms [|w||y := sup, |w(k)| = sup, ||w,||. Given
Wy € Xm we define for all w € Yy, k € T4, 0 <t < 1,

T(w]i (k) := Wo(k) + /Otds Celws(k) . (4.15)

We begin by proving that for any W, € Xy, there is a non-increasing function 6y (||Ws||) > 0
such that T is a contractive mapping on the closed ball B(Wj, 1) of Y,, where with a slight
abuse of notation we have denoted by W, also its time-constant extension, i.e., the function
F €Yy, for which F,(k) := Wy(k) for all ¢, k.

Suppose w € Xy and k € T¢ are arbitrary. Since ||J[M]|| < |M]| for any M € C**?,
we have ||w;J[wyws]|| < [T5_, |[wi]| for any choice of w; € C**2, i = 1,2,3. Together with
Proposition B.I] this implies that there is a constant C, depending only on w, such that

IG[w] (B, ID[w](B)] < Co(1 + [lw])?. (4.16)

Therefore, ||Caiss.er[w] (k)] < Co(1 + [|®[w]]])?(1 + 2||w(k)||), and since ||P[w]| < 2, we can
find a constant C, also depending only on w, such that

[Caiss,r[w] (K| < Co (1 + [Jw(K)I]) - (4.17)

Similarly, we obtain that there is a constant C%, depending only on ¢ and w, such that
[ Heg[@[w]](F)|| < €5/2, and hence [|CCy i, [w](F)[| < C5[[w(k)]]. Thus

IC5[w] ()| < R(1L+ lw(k)]]), (4.18)

where R := (] + Cf depends only on ¢ and w.
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Suppose w € Xg. By item [ of Proposition3.1] then both G[w] and D[w] are continuous
functions in k. On the other hand, for instance by using dominated convergence, we find
that also k — Hgz[w](k) is continuous. By Lemma [£.2] the map M +— ®[M] is continuous
in the matrix norm, and thus we can conclude that for any w € Xy we have C¢ [w] € Xy
with

IC5 [w]]] < R(L + [lwl]) . (4.19)

Note that G[®[w]](k) and H%[®[w]](k) are clearly Hermitian for w € Xw, k € T¢, and
thus so is C¢ [w](k).

Let us next consider the continuity properties of the map w +— Cf|w] in Xg. The
following Lemma generalizing a result of Seiler and Simon [15] will become useful for this
purpose. The corresponding statement and a proof for scalar valued functions is given in
[16, Theorem 4.1]. In fact, the proof carries over verbatim for matrix valued functions, as
soon as one understand all integrals as “vector valued” in the sense of used in topological
vector spaces [13]. The full proof is included here mainly for the sake of completeness.

Lemma 4.3 (Lipschitz bounds) Let f be a complex matriz valued function defined on
complex normed linear space N'. Suppose that

1. the function A — f(A+ AB) is an entire matriz function for all A, B in N, and

2. there is monotone non-decreasing function g on [0,00) such that for all A € N,

1A (A< g([[Allx) - (4.20)

Then for all A, B in N,
1F(A) = F(B)| < |A = Bll\ g([[All 5 + [| Bl + 1) (4.21)
Proof: Let h(\) := f(3(A+ B) + A\(A — B)). By assumption, then h is an entire matrix

function and

Iy = s = o (5) -1 (3] = s weor (4.22)

1 1
—5<t<35

By assumption, the matrix valued map h is holomorphic on C. From the Cauchy contour
integral formula (see for instance the proof of Theorem 3.31 in [I3] for details) we get for
p>0and — <t <4

1 h(s+t 1 1
o =52 | § s < Tow h ol <2 s pvn . )
m S P lsl=p A<ptd
Therefore, for any p > 0,
1
[F(A) = f(B)I| <= sup [[A(A)]] - (4.24)
pWSer%
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If A= B, then (4.21]) obviously holds. Assume thus A # B, and set p := ||[A — B||X/1.
Then for any [A| < p+ % we have

1 1
|54+ B4 aa =B <504+ Bl + 1A= Bl +olla- Bl

N
< [|Ally + 1Bl + 1. (4.25)

Hence, if |A| < p+ %, then by the second assumption we can estimate

1] = Hf(%(A+B)+A(A—B))H gg(H%(A+B)+>\(A—B)HN) o (4.26)

where, by the monotonicity of g, the right hand side is bounded by g(||A|| - + || B[,y + 1)
Therefore, (£.24]) implies now that also for A # B (4.21]) holds. O

Consider then some k € T¢. Since ||G[w](k)|| < Co(1 + ||w])?, the map w — Glw](k)
satisfies the conditions of the Lemma with g(z) :== Co(1 + z)3. Hence, for all w,w' € Xy
and any k € T? we have ||G[w'](k) — G[w](k)| < ||[w" — w|Co(||w'|| + ||w]| 4+ 2)3. Therefore,
by Lemma (2] there is a constant ¢, which depends only on w, such that ||G[®[w']] —
Glow]| < ¢llw — w|. Thus w — G[®[w]] is a Lipschitz map on Xp. Completely
analogous reasoning shows that also w — D[®[w]] and w — HZ;[®[w]] are Lipschitz maps
Xy — C(T9,C**?), with Lipschitz constants which depend only on w and e. Therefore,
using also the earlier derived uniform bounds, we can conclude that there is a constant R,
which depends only on w and ¢, such that

IC5 [w] = Ch[wlll < (1 + [lwll + [wDllw’ —wll,  w, v’ € Xn. (4.27)

Consider then an arbitrary tg > 0. If w € Y}, then dominated convergence and the
above bounds imply that the function T[w| defined by (£.I3)) is continuous, both in ¢ and
in k, and T[w]:(k) is always Hermitian and satisfies the bound

IWWM@—WMWSRLdNHH%M,wEEW (4.28)

In addition, by (£27) for any w',w € Y,

IT[w]e(k) — Tlwl (k)] < tR'(1+ [[wlly + w'[y)[[w —wly, ¢ €[0,t], keT?.
(4.29)

Set Oo(||[Woll) := co/(1 + ||[Wy]|) where ¢o := min((8R')~!, (2R)~!) depends only on w and
g, and thus 6 is a non-increasing function of |[Wy|| with 6y > 0 for all ||Wy|| < oco. Then,
if ¢ty < 6, the above estimates imply ||T[w] — Wy|ly < 1 and || T[w']:(k) — T[w]:(k)|ly <

2In principle, we have defined the map only in the real Banach space Xp. However, it is obvious that
the defining integral can also be applied in the complex Banach space C(T?, (CQXQ) and that none of the
bounds used the fact that w(k) is Hermitian.
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|w" — wlly/2 whenever w',w € Y, satisfy [|[w' — Wy|ly, ||w — Wolly < 1. This proves the
earlier claim that for any 0 < ¢y < 6y the map T is a contraction from the closed ball

B(Wpy, 1) into itself. Thus we can conclude from the Banach fixed point theorem that for
any Wy € Xy there is a unique w € B(Wy, 1) C Yy, 0y = 0o(||Ws]|) > 0, for which

t
wi(k) = Wo(k) + / dsC2[w](k), 0<t<0 keTe. (4.30)
0

Fix then W, € Xy and consider the collection of solutions to (£30), i.e., the set of
(to, w), with tg > 0, w € Y}, such that ([A30) holds for 0 < ¢ < t;. By the above result we
know that this set is not empty, and extension of functions clearly defines a partial order
on it. By Hausdorff’s maximality principle, there is a maximal totally ordered subset. Let
Ty denote the supremum of the ¢, in this set, and define w;(k) for 0 < t < Ty, k € T?, by
a choosing a function from the set with ¢y > ¢ (such a to must exist and the value of w;(k)
does not depend on the choice since the set is totally ordered). Then w € C([0,7p), Xm),
and it is a maximal solution to (£30) for 0 < ¢ < Ty. Now (£I9) and (£30) imply

t
[w, (8] < ([ Woll +/dsR(1+ lwy|), 0<t<T,, keTe. (4.31)
0

The map s — ||ws|| is continuous, and thus Gronwall’s lemma can be applied on the
time-interval [0,¢]. This allows to conclude that

lwrll < (IWoll + ROe™, 0<t<T,. (4.32)

If we suppose that Ty < oo, this would imply that |Jw|| < ¢ := (||Wyl| + RTp)ef for all
0 <t < Tj. However, if we then apply the fixed point result to initial data wz _g,()2 We
obtain an extension up to times Ty + 6y(c)/2. This contradicts the maximality of w, and
hence necessarily Ty = oo.

We have now proven that for any Wy € Xy there is w € C([0,00), Xi) which sat-
isfies (430) for all ¢, k. Since C:[wy](k) is continuous, this directly implies that w €
CM([0,00), Xi) with dyw, = C[wy], for all t > 0, and that w, — Wy as t — 0F. Thus it
provides a global solution to the truncated Cauchy problem. Suppose v is another global
solution corresponding to some initial data Vi € Xg. Then it also satisfies (£30) for all
t,k and hence also (£32). Therefore, by (427

t
[or(k) = wi(R)[| < [[Vo — Woll + /O ds [|Cir[vs] = Cir[wd]
t
< [[Vo = Wall + R'(1+ [[Vol| + [Woll + QRt)eRt/ ds [[vs — wsll, (4.33)
0

for all t > 0 and k € T¢. Thus Gronwall’s lemma implies that, if ¢ € [0,%,], with ty > 0
arbitrary, then

oy — we|| < ||Vo — WOHetoR/(lJrIlVo||+||W0||+2Rto) ) (4.34)
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This shows that the global solution is unique, and also proves that it depends continuously
on the initial data.

We have now proven that the truncated problem (4.I12) is well-posed for any initial
data Wy € Xg. Our next goal is to show that such solutions preserve the Fermi property,
i.e., to show that if Wy € Xgem, then the corresponding solution w satisfies w; € Xgorm
for all ¢ > 0. Suppose this is the case. Then ®[w;| = wy, and thus C{,[w;] = C*[w,] for all
t. Tt follows that then w € CMW([0,00), Xferm), wo = Wo, and dyw; = C=[w,] for all t > 0;
therefore, choosing W = w yields a solution satisfying the conditions of the Theorem. It
is also the only such function: for any W as in the Theorem, we have W; € Xyo, implying
CE[Wy] = C:.[Wy], and thus W then is a solution to the truncated problem, hence equal to
w. Finally, (434]) then immediately implies that the unique solution depends continuously
on the initial data.

Therefore, to complete the proof of the first part of the Theorem we only need to
show that the above solutions preserve the Fermi property and the conservation laws. In
fact, for the Fermi property it suffices to show that the solutions preserve positivity in the
matrix sense. Indeed, suppose that we have proven that for every Wy € Xy with Wy > 0
necessarily w; > 0 for all . We will soon show that also the truncated problem preserves
the W — W symmetry, i.e., we will show that if w is a solution to dyw; = Ce.[wy] with
initial data W}, then w is a solution with initial data Wo. If Wy € Xterm, we have Wy > 0
and Wy > 0, and as positivity of solutions is preserved, we can then conclude that w; > 0
and w; > 0, and thus 0 < w; < 1.

To prove the symmetry statement suppose Wy € Xy and let w denote the corresponding
solution. Then d,b, = —C&[w,], and since Wy = W, it suffices to show that C&[0] =
—C; [v] for all v € Xy. For this, first note that by Lemma 2] we have always ®[0] =
(®[v]). Hence, by the earlier discussion C°[®[0]] = —C¢[®[v]] and HZ[P[0]] = H[P[v]].

Therefore, now C¢, . . [0] = —Cgs . [v] and also D[®[0]] = D[®[v]], since it is obvious from

the definition (@6) that D[IW] = D[W]. Employing the above equalities shows that
Co.[o] + Ci[v] = G[1 — @[v]] + G[@[v]] — D[®[v]] — D[@[v]]" . (4.35)
However, for any W € Xy, we find directly from the definitions (4.5) and (4.6]) that
GIW](k1) + GIW](ky)
. / by sdiy 6(k)5(w)
(T4)3

(W3J WoWa] + J[WiWal W + Wy J[WaWy] + J[W4W2]W3>
W) (k1) + DIW](k1)*. (4.36)

Thus [@37) implies CZ.[0] = —C&.[v], and proves the stated preservation of the W — W
symmetry.

Therefore, to prove the preservation of the Fermi property, we now only need to show
that the solutions preserve positivity. The key ingredient in this proof is Lemma .5, which
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implies that the truncated gain term is always a nonnegative matrix. Its proof will rely on
the following matrix in equality.

Lemma 4.4 For any n x n matrices A, B,C >0, n > 1, we have
AJ[BC)+ CJ[BA] >0 and J[AB|C + J[CB]JA>0. (4.37)

Proof: By expanding the definition of J, we find that AJ[BC|+ CJ[BA] = Atr(BC) +
Ctr(AB) — ABC — CBA. To prove that this is nonnegative, choose a complete set of
eigenvectors for each Hermitian matrix: let (a;, a;);=1,._, be an eigensystem for A, (b;, 5;);
for B, and (c¢;,7;); for C. Then for any ¢ € C", by selecting suitable bases to express the
matrix products and to compute the traces, we obtain

(W, (Atr(BC) + Ctr(AB) — ABC — CBAW)
= > abier (W, as) (s, ©) By, i) (Vi Bs) + (0, %) (s 1) (85, ) (e, By)

— ()i, Bi) By i) (s 1) — (0, i) (s B5) (B i) (i, )
= Z aibsex| (¥, ) By, ) — (0, ) (B, ea)]” > 0, (4.38)

since, by assumption, a;, b;,c; > 0. This implies that the matrix is non-negative. Taking
an adjoint proves then that also J[AB]C + J[C'B]A > 0. O

Lemma 4.5 If W € Xypp, then GIW|(k) > 0 for all k. Therefore, G[®[W]|(k) > 0 for all
k and W € Xx.

Proof: 1Tt follows directly from its definition in Proposition B.1] that the measure vy, is
invariant under the exchange k4 <> k3. To see this, one can change the integration variable
ks to k4 := k1 + ky — k3 in (B32) and note that Q((k1, ko, k1 + ko — ky), (1,1, -1, 1)) =

Q((ky, k2, ky), (1,1, —1,—1)). Using this symmetry in the definition (£H) shows that

™

g W ]{31 = — dkfgdk’gdk’45 E 1) w
Wit =5 [ (15w
X <W3J[W2W4] S T[WaWa W + Wad [WaWs] + J[W3W2]W4) . (4.39)

If W € Xtorm, then Wg, W3, Wy > 0 inside the integrand above. Therefore, we can apply
Lemma (4.4l and conclude that the integrand is pointwise a positive matrix. This directly
implies that G[W](k;) > 0, since then for any 1) € C? clearly (v, G[W](k;)v) > 0.

If W € X, then ®[W] € Xierm, and thus the second statement is a corollary of the
first one. OJ

With the above preparations, we are now ready to prove the preservation of positivity.
Fix thus some Wy € Xy with Wy > 0 and let w denote the corresponding global solution
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to the truncated problem. Set h;(k) := HZz[®[w]](k). Then each h,(k) is a Hermitian
matrix, and since the map ¢ — hy(k) is also norm continuous for each k, the standard
Dyson expansion techniques (see, e.g., [I7, Theorem X.69] and take an adjoint of the
result) imply that for any k € T¢ and s,t, with 0 < s < ¢, we can find a unitary matrix

uy (k) such that u, (k) = 1, the map s + u;4(k) belongs to CM([0,¢], C**?), and
Osuy (k) = iug 5 (k) hs(k) . (4.40)
Given matrices u; 5(k) as above, let us define
Vs (k) 1= up s (B)ws(k)ug o (k), 0<s<t, keT?. (4.41)
By (£12) and (£41) then for any t > 0 and 0 < s <t

8svt,s<k) = Ut s(k> <1h (k>ws< ) + asws(k> - 1ws<k)hs(k>> ut,s(k);k
= utS( )Cdlss tr[“’S](k>utS( )"
= gt,S(k) — by S( )vt S(k) — Ut S( )bt78(k)* . (4'42)

where on the last step we have used the unitarity of u, (k) and introduced the shorthand
notations

9.5 (k) := s (K)G[@Lws ]} (F)ur s (R)" (4.43)
bis (k) == 1z o (K) (4.44)

By Lemma 5, here g; (k) > 0. Fix for the moment ¢ > 0 and k € T?. Since the map
s + by s(k) belongs to C([0,t],C**?), there is is unique solution F € CM([0,],C**?),
0 < s < t, to the matrix equation 0;F(s) = —F(s)b;—s(k), with initial data F'(0) = 1.
(The solution can be obtained by a time-ordered exponential, similarly to wu;s(k); more
details about matrix equations of this type can be found for instance in [I8].) Then

OsF(s)* = —byy—s(k)"F(s)" and ([£42]) implies that

KA
S
&
—
oy
~—
S
-
v
—~
oy
~
*

Ou(F(t — Yoo (R)F(t — 5)*) = F(t = 8)gu.(R)F(t — )" (4.45)

Since vy (k) = wi(k) and veo(k) = wro(k)wo(k)uro(k)*, we find that

w%@=ﬁF@MmMWW%%XF@Mw%ﬂ*+Ad8F@—$wAMF@—SY- (4.46)

As mentioned above, here ¢, ;(k) > 0 for all s and, since by assumption Wy(k) > 0, the
above formula shows that w;(k) > 0. Since ¢t and k were arbitrary, we can conclude that

This shows that the truncated time-evolution preserves positivity which was the missing
part from the well-posedness result. Therefore, we can now also conclude that, if W, €
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Xierm, then w; € Xy, for all £, and W, := w; provides a solution to the original evolution
equation. Integrating (4.42)) over s then yields

Wi(k) = ueo(k)Wo(k)ueo(k)" + /0 ds ug s (k)Caiss tr[Ws) (k) ue s (k)™ . (4.47)

Since ®[W| = W, here Caiss 1 [Ws|(k) = Caiss|Ws](k), and u, (k) satisfies u¢ (k) = 1 and
Osuy s (k) = iug (k) Hse [Ws] (k). Therefore, the second paragraph of the Theorem holds with
the choice Uf (k; Wo) = uy (k).

It only remains to prove that the above solution also preserves energy and spin. For
this, consider some Wy € X, and let w denote the corresponding solution satisfying
Opwy(ky) = C%[wy|(ky) for all t > 0, k; € T, Then wy(k) satisfies (E30) for all ¢, k and this,
together with the uniform bounds in (£.19]), allows using Fubini’s theorem in the definitions
of the conserved quantities. Therefore, it is sufficient to check that for all W € X

/ dky (k) tr CE[V] (k) = 0, / dky CE[] (k) = 0. (4.48)

Let us begin with the first, scalar valued case, implying conservation of energy. First,
by cyclicity of trace, tr C°[W](k1) = tr Caiss|W](k1). Since W is continuous, we can evaluate
the integral over v, by using the formula ([B.2]) where, to avoid confusion, let us denote the
new regularizing variable by g instead of €. As shown in the proof of Proposition BT, the
resulting integral is uniformly bounded in k; and ¢y, hence dominated convergence can be
applied to prove that [ ,dk; w(ky) trC5[W](k,) is equal to the gg — 07 limit of the integral

A% 6 (k) =2
/(%d)4 (_) 8(2) + g2 1

m%mmme+mmmmm—mmmwm—mwmmm)(M%

The trace-factor on the second line changes sign if we relabel the integration variables by
ki <> ks and ky <> k4, and it is invariant under the relabelling &y <> ko, k3 <> ky; these
properties can be proven by using the cyclicity of the trace and the definition of J in (LLG).
As both relabellings leave |w| and |k| invariant, by first taking the average over the first
swap and then the average of performing the second swap to the result, we find that the
value of (£.49) does not change if we replace the factor wy by (w; — ws + ws — wy) /4 = w/4
there. However, then we can retrace the steps above, and produce an integral over vy,
which contains a factor w. By item [ in Proposition Bl the value of such an integral is
zero. Hence we have shown that the first equality in (£.48]) holds.

Let us then consider the second, matrix equality, in (£48]). We use the split C* =
Caiss + Co.ns and show independently that both of the resulting two terms are zero. It is
easier to check the conservative term using the following integral representation, analogous
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to the dissipative term:

w
dkodksdky 0(k)———
/(Td)s 2T <_>g2 +82

X (W1W3J[W2W4] — T[WaWa] W Wi — WA W J[WaWa] + J[W4W2]W3W1)

g ~ ~
_ /( Td)gdedk3dk4 S0 s <W3W2W4 . W4W2W3>

w
dkodksdky 0(k —
+/(Td)3 R (_)QQ—F&Q

X <(J[W4W2]W3 T W Wa) Wy — Wy (W J[WalVy] + W3J[W2W4]))
= [Hgff[W](/ﬁ)7 W(/ﬁ)]
= 1C5, W] (k1) | (4.50)

cons

where in the second equality we have used the definition (2.11]) and the property that any
term, whose integrand is antisymmetric under the swap ks <> k4, evaluates to zero. Then
we integrate the equality over ky, use Fubini’s theorem, and take an average over the result
from the swap ki <> k3, ko <> ky, yielding

[ b Cen W1k
Td

1
:_/ Al 6 (k) —2—
2 (Td)4 we+e€

X <W1W3J[W2W4] — J[W W |Ws Wy — Wi WaJ [WoWy] + J[WaWa]Ws W,

W W I [WA W] + J[Wa WA Wy W + WV, J[W W] — J[W2W4]W1W3> . (451)

If we expand the definitions of J in the integrand, all terms containing a trace cancel
out. The remaining integrand is antisymmetric under the swap ki <> ks, k3 <> k4, hence
evaluates to zero.

We have thus proven that [,dky C5us[W](k1) = 0. The proof of [,dk C5[W](k1) =0
follows by first expressing the integral as a limit of terms analogous to (4.49) and then
performing the swaps as in (£5]]); we skip the details of the computation here. This

concludes the proof of the conservation laws, and thus also of the Theorem. O

5 L’-continuity of the collision operator

In this section, we consider the regularized effective Hamiltonian starting from (4.4]),

1 w L
Heg[W(ki) = 5 /( Td)3dk2dk3dk45(ﬁ) = (2 tr(WaWy + WaWa)1

g2_|_82

+ 2tr (W — Wa)Wa + (Wa — Wa) W + Wa(Wa — Wa) — WalWy — W4W2) . (5.1
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where w := w(ky) + w(ks) — w(ks) — w(ky). By suitably integrating out the convolution
d-function (i.e., by a suitable change of integration variables) we can write its components
as a finite sum of integrals of the same form. Explicitly, define for ki, k}, kb, € T¢,

o= (1,-1,-1,1), K= (kK =k — ki, K, —K}), (5.2)
o= (1,1,=1,-1),  KPi= (kK by + Ry — KD, K) (5.3)
0-‘4 = (1717_17_1)7 k‘4 = (k17kll7ké7kl+kll _ké)a (54)

and recall the definition of Q(k; o) in ([22). Then, after performing the change of variables
as listed in the definition of k!, we find that w — Q((O";k‘l, ki, kb); o!") inside the integrand
for all © = 2, 3,4, using the reflection invariance of w. This shows that any component of
H:[W] (k1) is a linear combination, with coefficients :i:%, of a finite number of terms of the
form

Q
T, gl(khi o) = /() Ak £ (1) 1) (5.5)

where Q = Q((k), Kk}, k); o) and in each term f(k) := W (k),;, for some indices i, j, and
g is one of the following three choices: g = 1, g(k) = W(k)y;, or g(k) = W(—k);;, for
some indices ', 5. In addition, for each term there is an i € {2, 3,4} such that o = o!" and
k{, = o2k;. Therefore, for each of the terms, ||Z1[f, g]||2 is equal to the L*-norm of the term
(taken over k;), and both of the functions f, g belong to L?(T%).

The following results show that the assumptions (DRIO)—-(DRE]) suffice to make also
the full collision operator “nicely” continuous in Li-norm. For this, we also consider the
following approximate collision integrals with possibly discontinuous input,

Z0f, gl(ky; o ::/ dkydks f(K)g(ky) = .
e LS5 9l(ko3 0) a2 1k f (kg 2>QQ+52

€

(5.6)

Proposition 5.1 Assume that w satisfies (DR1)-(DHR3), and o € {—1,1}* is given. Then
for any f,g € L>®(T?) there are I},I) € L*(T%) such that I0[f,g] — I3, Z[f, g9] —
I} in L*-norm as € — 07. For both j = 0,1 and all ¢ > 0, Z? is independent of the
choice of representatives of f,g, and ||ZZ||r2 < C| fllz2llgllze with C := %05/4. There
is also a continuous function u : [0,00) — Ry with u(0) = 0 such that |/, — TI|| ;> <
u(max(e’, )| fllzzllgllze for every &',e >0, f,g € L=(T), j =0, 1.

In addition, IO € L>®(T%) with | Z3|lcc < 7||0eon(*; 0;0)|looll flloollgllos and using the

shorthand Q(kj, ki, k) = Q((kb, K, kb): o),

- (O, ki, k)| > e)
L?>—lim Ak dk! \y Ry B K Y — TL() 57
e—0 (Td)g 1 2 Q(7 kiu ké) f( 1)9( 2) 0( ) ( )

Suppose that f.,g. € L=(T), 0 < e < 1, are such that m := sup, max(|| f-||s; || ge||o0) <

0, and f. = f, g — g in L*-norm as ¢ — 0%. Then f,g € L™ and ||Z![f, g] —
L fergllre < CF2(If = Fellze + g = gellz2) for € > 0 and j = 0,1. In particular,
2001, 9-) = 1S, g) and TL[f-, g.) = Z3[f, g in L?-norm as e — 0.
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The key result connecting the limits to the assumption (DRB) is given by the following
Lemma.

Lemma 5.2 Assume that w is continuous and satisfies (DR3), and o € {—1,1}4, f, g €
L>®(T9) are given. Suppose ¢,p : R — C are such that $ € L' N L>® and ¢(z) =
[ ds@(s)e'® for all x € R. Define for ky € T¢

Tlf.glh) = [y f(ka)g(hs)o(@kso). 58)

(T4)2
Then Z[f,g] is independent of the choice of the representatives for f,g and ||Z[f,glllz> <
. 4 A i— A
Coll fllzallgllzee with Cf := [gadsTLizy [2((—=1)""s0)] |G (s50)] < [|8]|5.Cg < oo

Proof: Let us drop ¢ from the notation, and denote Q(k) := Q(k; o). It follows from the
assumptions that ¢ is continuous, and thus the integral in the definition of Z[f, g| is always
convergent, and its value remains invariant if f and g are changed in a set of Lebesgue
measure zero. We use Fubini’s theorem to integrate over ks first, which shows that

\ZLF g1l < llgll% / iy ( / ks
Td Td

By the Cauchy-Schwarz inequality and the normalization de dk = 1, the remaining integral
is bounded by

/Td dk, f(k2)<p(§z(k))D2 . (5.9)

2

[ k| [ b f)p@0) (5.10)
(Td)2 Td
By Fubini’s theorem, this is equal to
[ bty 105)°00s) [ kb (@)@ (5.11)
(Td)? (T)2
where Q' := Q(ky, k), ks; o). Thus it is bounded by |13, times the square root of
2
/ dkydE, / dkydks o(Q) ()" (5.12)
(T4)2 (T4)2

Therefore, we can conclude that the Lemma holds if we can prove that (BI12]) can be
bounded by Cf.

By assumption, we have ¢(z) = [*_ds $(s)e'*® where ¢ € L'. Therefore, by Fubini’s
theorem

[ s s6(=52)"Glsa)o(=51)'(si0) = /() o CE AR O) el o)
(5.13)

where we have used the same notations as in (DRB]). However, a second application of
Fubini’s theorem shows that the right hand side here is equal to (512)). This implies that
(5.12) is bounded by C§ which concludes the proof of the Lemma. 0
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Proof of Proposition[51 Recall the definition of ¢? and ¢? in ([3.4]), and set also ¢! (z) :=
=t and @l(z) = 1 sign(z)e~¢1*l, v € R, € > 0, where sign(z) denotes the sign of z which
we choose to be 0 if # = 0. By direct integration, we find that both of the pairs (¢, @?)
and (!, @!) satisfy the assumptions of Lemmal[5.2 for any € > 0. This immediately implies
that for any j = 0,1, ¢ > 0, ZZ[f, g] is independent of the choice of representatives and
IZZ[f, 9]l < %C’éMHfHLzHgHOO < 00. Obviously, these properties then also hold for any
L2-limit points.

In fact, then also the pair (¢, ) satisfies assumptions of the Lemma, if 7 = 0,1,
0 < & < €9, and we define ¢(x) := pl(x) — ¢! (x) and $(x) = ¢I(x) — @I (x) for x € R.
Since then |@(s)| = 2e¢lsl(1 — e~(co=9)lsl) < 1(1 — e=<0l¢l) | the Lemma implies that

IZ2Lf, 9] = Z,[f, 9l 22 < uleo)ll £l 2llglloc (5.14)
where u : [0,00) — R, is defined by

4
1
u(egg) := 3 (/R4 dsH ’1 — eeolsil
i=1

Clearly, u(0) = 0, and dominated convergence theorem can be applied here to prove that
u is continuous. This proves the last statement in the first part of the Proposition.

We can conclude that || ZZ[f, g] — Z2,[f, 9]||.> — 0 when max(e,&’) — 0F. Therefore, if
e, >0, n €N, and &, — 0, then Ign [f,g] is a Cauchy sequence in L?. Thus the sequence
converges in L?, and using (5.14)) it is straightforward to check that the limit is independent
of the choice of the sequence (g,). Let the unique limit point be denoted by Ig [f,g]. Then
the first two statements of the Proposition hold. In addition, taking ¢ — 0 in (5.14) also
shows that for any ¢y > 0 and both j = 0,1

IZ31f. 9) = T8, 9lllee < uleo)ll Fllez gl oo - (5.16)

By the L2-convergence we can find a sequence €, > 0, n € N, such that ¢, — 0 and
72 1f, gl(ko) — Z§ (ko) for almost every k. But since then

215,010 < lllloll [

(T

\Q(S;U)|> ) (5.15)

En n—00
; dklld/{?; m l> 7To'coll<k07 U)Hf”ongHoo s (517>

this implies also |Z3(ko)| < 7|loconlloollflloollglloo-  As the complement of such ko has

Lebesgue measure zero, we have proven the claim made about Z{ in the Proposition.
To prove (B.7)), consider

Loy L(|Q (Ko, k1, ko)| > €)
$ (k?o) = /(tEdP dklde Q(kO’ kh k2) f(kl)g(kQ) . (518)

Obviously, |7} (k)| < e fllollglloo, and thus J! € L*. We claim that || 7} — ZL |2 — 0
as € — 0T, which implies that J! — Z} in L?. For any z € R,
z 1(lz| > ) g2 £

x2+€4 . :—]]_(|.I’| >€);m+l(|l’| SE‘:)

m . (5.19)
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The first term is bounded by €*/(z? + ¢*), which shows that

£
| T (ko) — L2 (ko) — T2 (ko)| < 8Hf”ooHQHoo/ dkydks; = < el fllollgllC”
Q2 + g4

(Td)?
(5.20)
where C” is the constant introduced in the proof of Proposition B.Il and
) - Q
k75 (k?o) = dkldkg ]].(|Q| S 8) =2 4f(k1)g<]€2) . (521)
(Td)2 2 +e

Therefore, it suffices to prove that || 72|z — 0 as ¢ — 0.
For this, define for €, > 0 the function @25 : R — C by ¢2 5(s) := e °l*lh(s) where

he(s) :== /0 daoﬂLJr»sA‘ sin(as) . (5.22)

Clearly, h. € L*(ds) and thus ¢2 ; € L'NL> and we can define @2 5(z) = [7 ds @2 j(s)e!*
x € R. Then Lemma [5.2] can be apphed to

)

Testho) o= [ dhadha 2@ 1)), (5.23)

which shows that |72z < com || fllr2llgllree with ¢! = [o. dsTT, [h=(|si])||G(s;0)].
On the other hand, explicit integration yields for any x € R

ds € « ;
d els(a+m)75\s|
905 5 / /_E a 2 4 ed

_/_62ﬂa2+54(a+x)2+52

“dy 1 x4+ 0y
= — 1 oyl <eg)—m—nFTF—— 5.24
/0071' 1+ y? (Il + y|_8)(az+5y)2+e4’ (5:24)

where in the last equality we have changed variables to y = —(a + )/0. By dominated
convergence for any k € (T%)%, such that |[Q(k)| # e, we have lim;s_,o+ @2 5(Q) = 1(]Q] <
€)= 92+ -. By Corollary B3, the set of k with Q(k) = e has Lebesgue measure zero, and
hence we find f(Td)3d3k|cp€75( )—1(]Q] < 5)Q2+€4 > = 0asd — 0. This implies that J2; —
J2 in L*(T?), and thus the previous bounds prove that also || 72|12 < co || fllz2|lg || po-

Therefore, to conclude the proof of (57), we only need to show that ¢. — 0 when ¢ —
0. Since | siny| < |y|, we have |h.(s)| < es for any s > 0, and thus lim,_,q+ Hf‘zl |he(|si])] =
0 for fixed s € R Now if we can show that |h.(s)| is uniformly bounded for s > 0 and

e > 0, assumption (DRB) allows to use dominated convergence to prove that ¢. — 0. If
0 < s < 2e7!, we have already found that |h.(s)] < 2. Assume thus s > 2¢7! and set
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5= € (0,¢). Then anodozaQLjL€4 sin(as)} < sap < 2 and thus it remains to prove that
the integral over [ayg, €] is bounded. By partial integration and using cos(ags) = 0 we have

Qp 1= =

‘ a e 1 1[5, et—a?
/aodam sin(as) = s cos(es) + — . /cyodam cos(as) . (5.25)
Here the first term is bounded by 1 5 and the second by f daa™2 < 2 < 1. We have
shown that always |h.(s)| < 4 which implies ¢. — 0 and concludes the proof of (5.1).

To prove the second part of the Proposition, assume that f.,g. € L*(T9), 0 < ¢ < 1,
are such that there is m < oo for which ||f.|cc, [|gclloc < m, and f. — f, g — ¢ in
L?>-norm as € — 0. Since then there is a sequence €, — 07 such that f., — f, g., — ¢
pointwise almost everywhere, this implies that also || f||c, ||¢]|cc < m, and thus the previous
results can be applied. Telescoping f(k2)g(ks) — fe(k2)g-(ks) = (f(k2) — f-(k2))g(ks) +
fe(ko)(g(k3) — g:-(k3)) and swapping the integration variables in the second term we can
resort to the above bounds and obtain | ZZ[f, g] — ZZ[f-, 9|12 < Cé“%(”f — fellzz + |lg —

ellz2) for € > 0. This implies also Z/[f., g.] — T3[f, g], as claimed in the Proposition. [J

Corollary 5.3 Assume that w satisfies (DRI)-(DH3) and W € L3,... Then there is a
unique Hog[W) € L} such that H3[W] — Heg[W] in norm as e — 0. Moreover, there is
a sequence €, — 0+ such that (2.12) holds for almost every k;.

In addition, there is a constant C' such that for any W,W' € L7, and ,' > 0
| Hee[W] = Heg W[l < CUIW’ = Wiz + u(max(e',€))) (5.26)
| Hea[W] = Hea[W'][l2 < C|W' = W5, (5.27)

where u denotes a function satisfying the conclusion of Proposition [5.1.

Proof: As explained in the beginning of this section, any component of HZ:[W] can be
expressed as a finite linear combination of suitably chosen Z1[f, g]-terms. More precisely,
it is straightforward to check that there is a finite index set .S such that for any ¢, j € {1,2}
and n € S we can find a constant ¢ € R, with |¢| <1, £ € {2,3,4}, a,d’, b,V € {1,2}, and
¢ € {0,1,2} such that for all £ and W

Wk =Y T fuv. 0 (o5 ki ), (5.28)

nes

where fop (k) = W(k)ay, 90(k) = 1, g3 (k) == W(k)a, and g2 (k) = W(—k)aw.
Note that the constants inside the sum can depend on all of n,7, 7, even though we have
suppressed the dependence from the notation.

If k is such that 0 < W (k) < 1, then |W(k);;| < 1 for all 4, 5. Thus it follows that in
(B28) always f,g € L®(T9) with || f]|se, ||9]lec < 1. Thus we can apply Proposition E.1] and
conclude that HS[W];; — Heg[W];; in L*(T?) as e — 07, where

Heg[W(k)ij =Y Ta[farr. 9% N(oh i oV . (5.29)

nes
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Let Heg[W](k) denote the matrix collecting the above limit functions. Then we can find a
sequence &, — 0 such that Hz[W|(k);; — Heg[W](k);; for all 4, j and almost every k. As
H (Wi (k)" = Hgg[W],i(k) for every k, this implies that Heg[W](k) is then Hermitian at
almost every k. In addition, [[Hg[W] — Hea[W]|5 = 32, ; |Hg[Wlij — He[W1i]|7-, and
therefore Hog[W] € L and H[W] — Heg[W] as € — 0. Since the index set S is finite,
the representation of the limit as a standard principal value integral, (2.12), follows then

from an application of (5.7)) to (£.29).

Suppose then that W, W' € L2 and e,& > 0. Then ||H[W] — HH[Wll <
| Hg (W] — Heg[W)|l2 + [|[Hg[W'] — Hee[W']||2. Let u be a function as in Proposition
BEI. We can conclude that ||H[W');; — Hg[W')isll2 < [S|u(max(e,€’))||[W||2 for any i, ;.
Here ||W'||2 < 2, since W’ € L2, and thus |H[W'] — Hg[W']|l2 < 4|S|u(max(e, €')).

To study ||HG[W]| — H[W']||2 write A := W — W’ and note that then fu,[W] =
Fal W)+ Fanl A, g W] = g5 W] + g5 [A], for ¢ = 1,2, and g [W] = g{)[W]. Since

T![f, g] is obviously linear in both f and g, this shows that

Heg[W](k)ij — Hig[W(k)i; = > L2 [Aay, gl [W])(0% k; 0')

a
nes

+ 3l £ OV Wy, gt (Al (04 ks o). (5.30)

nes

Consider then one term in the second sum here. If ¢/ = 0, then the term is zero. If
¢ =1, we swap the integration variables, and if ¢ = 2, we change the integration variables
to kY = —kb and kY = —FK}. This shows that each term in the second sum is either

zero or of the form c¢Z[A, gc(f;)/ [W')](£k; o’) for some choice of the sign and ¢’. Applying

Proposition[5.1], this shows that ||H (W] (k)ij—He[W'(k)ijllL, < \S\CéMHAHQ. Therefore,
| Hea[W] = Heg[W)llz < 2IS2Cg" W — 7.

Thus by choosing C' as larger of the constants in these two bounds, we can conclude
that (5.26]) holds. Then taking e,¢’ — 0 in (5.26]) proves also (5.27) and concludes the
proof of the corollary. O

Finally, let us show that adding the assumption (DRB]) simplifies the definition of the
dissipative term.

Corollary 5.4 Assume that w satisfies (DR)-(DH3). Then for any w; € L>(T?), i =
1,2,3, we have

dkodksdk
Co[’wl,wg,’wg](kl) = lim 2 45(&) °

e=0t J(ays T e2 4+ w?

’wl(k’g)wg(k‘g)’wg(k’4) s (531)

where the limit converges in L*(T%)-norm.

Therefore, then for any W € L2, and i,j € {1,2} the L*-limit in (2.10) holds.

ferm

Proof: For the given w;, set m := max ||w;||-, and choose a sequence v;,, as explained at
the end of the proof of Lemma[3.3] In particular, then v;,, = w; and Cy,, — Cy in L?-norm
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as n — oo, where Co, := Co[v1n, Van, Vs, and Cy := Co[wy, we,ws]. For any € > 0 and
k1 denote the value of the integral on the right hand side of (5.31]) by C.(k;), and define
C.n := C.[v1n, Vo, V3,] analogously. Then the function C. € L>, and we need to prove
that ||Co — C.[]2 = 0 as e — 07,

For any n, e we can estimate [|Cy — C:||2 < ||Co — Conllz + |Con — Cenllz + [|Cen — Ccl2-
By Lemma B.3] here [|[Cy — Conll2 < Cm? Z?:1 |w; — v;pnll2. Using a similar telescoping
estimate and Proposition 5., we can also find a constant C' such that ||C., — C.||2 <
C'm? 32 |lw; — vinlla. Hence, for any gy > 0 we can find n such that ||Co — C.lls <
2 +]|Con —Cepnll2. However, by Proposition [3.1], we can use dominated converge to conclude
that ||Con —Cenll2 = 0 as e — 01, In particular, there is &’ > 0 such that for all 0 < e < &’
it is less than 5. This proves that [|Cy — Cc|ls = 0 as € — 0.

Suppose then that W € L and 4, € {1,2} and consider the definition of Cgiss[W];;
given in ([3.:23). Each of the Cy-terms in the finite sum can be approximated in L?-norm
by the corresponding C.-integral, for some fixed £ > 0. The resulting C.-terms then sum
to the right hand side of (2I0), and hence the limit holds in L?-norm. O

Proof of Theorems[2.2 and Proposition Bl and Corollary B4l imply the statements in
the first paragraph of Theorem 2.2 as well as the first statement of the second paragraph.
Corollary [5.4] proves the remaining statements in the second paragraph and completes the
proof of Theorem

Theorem is a direct consequence of Corollary U

6 Proof of Theorem 2.4

Assume now that all of the conditions (DRI)—(DRB) hold, and define Cgiss and Heg as
in the already proven Theorems and 231 For any representative of W € L2  and

0 < § < 1 let us define the corresponding “locally averaged representative” As[W] by
setting for k € T¢,

AW (k) = Z%/Tddk’ (K| < )W (k + k), (6.1)

where Z5 := [,dk 1(|k| < 0) is the appropriate normalization factor. The formula is un-
derstood as a vector-valued integral over the compact set {k € T¢ } k| <6} in the Banach
space LZ. Since L2 C L=(T? C**?), we can use dominated converge to conclude that
As[W] is continuous on T¢. Also the Fermi property is clearly preserved and thus As is a
linear map from L% t0 Xferm-

We can also identify any component function W;(k) with a function in L'(R9Y) by
extending it periodically to the neighboring “cells” and then setting the extension to be
zero in all other cells. If k is a Lebesgue point of this extension, then As[W];;(k) — W;;(k)
as 0 — 0, cf. [19, Theorem 7.10]. Since almost every point is then a Lebesgue point,
we find that lims g ||As[W](k) — W (k)||> = 0 apart possibly from a set of measure zero
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collecting the non-Lebesgue points of the three independent component functions of W.
Since || As[W]|leo < [[W]|oo < 00, dominated convergence implies that As[W] — W in L.

Let us then consider some allowed initial data W, € L2 and some allowed regulators

0 <e,d < 1. By Theorem [.T], for all ¢ > 0, we then have a unique solution wy(+; €, §, Wy) €
Xterm to the regularized problem with initial data wy = As[Wy]. We can also find for & € T¢
and 0 < s < ¢ unitary matrices u, (k; €, §, W) such that u, (k) = 1 and s — wu, 4(k) belongs
to CW([0,2], C**?) with Osus (k) = iuy (k) Hg[ws] (k), and we have for all ¢ > 0, and k,

wi(k) = ugo(k)wo(k)ueo(k)* + /0 ds ug s (k)Caiss|ws] (k) ue s (k)™ . (6.2)

Let us then consider two allowed initial data WJ,W, € L% _ and some allowed reg-

ferm

ulators 0 < &’,¢,6’,6 < 1. Define w and u as above using e, § and Wy, and set also
wi(k) = wy(k; €', 0", Wy) and uy (k) := ug s(k; €', 6", Wp). Using (6.2)) for both solutions and
telescoping shows that then

wi(k) — wi(k) = ugo(k) (dwo(k) + dueo(k)wy(k)) ueo(k)™ — wyo(k)wp(k)dueo(k)us (k)"
+ /0 ds ut,S(@ (Caiss[ws] (k) — Cdiss{w;Kk)) ut,3<k)*

[ st () )R (1) = [ s )5 (1 8
(6.3)

where 0wy (k) := 1 — uy (k) uj (k) and dwo(k) := As[Wo] — As[W¢]. Clearly, |[UMU*| =
|M]| if U is a unitary matrix. Thus we obtain from (6.3) a bound

lewn(k) — wi(R)| < 15wk + 2 a0kt (R)]
ﬁéﬁwmmﬁm—%M%WM+{A®WwﬂwwmmeL (6.4)

Here ||Jw(k)|| = || As [W(B)|| < esssupy [[WE(E)]| < 2, since 0 < W] < 1 almost every-
where. Therefore, we find a bound

t
Jwy — wyll2 < |[dwoll2 + 4]0l +/ ds [|Caiss[ws] — Caiss[ws]]2
0

t
+ 2/ ds || 6y s||2 ess supy, [|Caiss[wl] (k)] - (6.5)
0
Here we can apply Corollary 3.4 which implies that there is a pure constant C' such that
t t
o = wile < [Swalla + Aucolls + € [ ds e = willa +2€ [ dsfunalls- (60
0 0

For simplicity, denote hy(k) := Hezw,](k) and h.(k) := Hz[w!](k). Now dus (k) =
0 and ||5ut78(k;)||2 = 2trl1 — tr(ut,s(k)u;7s(k)* + ugs(k:)uts(k;)*) Thus 8S||5ut7s(k:)||2 =
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e (o (k) — () et (Yt ()] i [ () — B, ()t ()1, ()] Applying Canchy-
Schwarz inequality to the Hilbert-Schmidt scalar product here, we find that |0s]|0u; s(k)||?| <
[ o (B) s (K) — o (k) up (R)[[[s(k) — RG(R)]| < 2[|0us o (k) [[[[ s (k) — P (R)]|. Therefore,
for any 0 < r < ¢ we have [|duq,(k)||> = — [[ds 0,[|0uss(k)||> < 2 [ds [|0ugs (k)| | s (k) —
R (k). Set my(k) := supg<,<; [|[6urs(k)||, where obviously m (k) < 4 < oo. It follows that
6w, (B)[|? < 2my(k) [ ds ||h(k)—h.(Kk)||, and hence m, (k)? < 2m, (k) [ ds |[hy(k)—h.(k)]].

Thus we can conclude that for all 0 < r <t we have

nmmmwﬁw%mm—%mmw (6.7)

Therefore, by using the constant C' and the function u(x) as in Corollary 5.3, we can
conclude that |[du,,||» <2C fotds (||lws —wi||2 +u(max(e,e’))). Applied in (6.6]), this shows
that there is a pure constant C” such that

t
lwy — wi|la < ||wpl]2 + C'¢(1 + t)u(max(e, &) + C'(1 + t) / ds||ws —wl|l2.  (6.8)
0

Since the map t — ||w; — wj| is continuous, Gronwall’s lemma can be applied here, and
we can conclude that, if tg > 0, then for all 0 <t < t; we have

lw = will> < ([ As[Wo] = As [Wgllla + C't(1 + t)u(max(e, '))) 7 OHO (6.9)

We can thus apply this also in the special case W) = W, and consider the sequence
of solutions defined for e = 1/n, 6 = 1/n: set Wy, (k) := wi(k;1/n,1/n,Wy), n € N. By
[©9), if 0 <t < to, then

”th — th/ H2 S (”Al/n [Wo] — Al/n’ [Wo] H2 + C/t()(l —+ to)’d(l/ min(n, ’I’I,I)) ec/(lthO)tO .
(6.10)

Thus W;, forms a Cauchy sequence in L% and there exists W; 1= lim,, o Wi, forallt >0
(by the previous discussion, the limit indeed coincides with Wy if ¢t = 0). Since W;,, € L3

for all n and L% __ is a closed subset, this implies that W, € L2 . By Corollary (.3 then
also

1 1
Heg[W)] = lim HZ[W,] = lim HZ[W,,], (6.11)
n—oo n—oo

where the limits are taken in L?-norm. The conservation laws (2I4)) and (2I5) can be
identified as scalar products in L%, the first with the function & — w(k)1, and the second
with the constant matrix My := d;;:0;. Since the equalities hold for all W, , and these
converge in L3 to W;, this implies (2.14) and (2.15).

Since W, is a solution to the regularized problem, it satisfies a pointwise identity

Won(k) = W) + [ ds (ConlWonlh) =S IV ) Wen(B]) - (612
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By taking a scalar product with an arbitrary element in L2 and using Corollaries B.4] and
(.3, we thus find that as vector valued integrals in L%

t
Wt = W() + / dS (Cdiss[Ws] — i[Heff[Ws], Ws]) . (613)
0
This implies first that ¢ — W, is in C([0,00), L3,,,) and the Fréchet derivative satisfies
oW, = C[W,] for t > 0. Thus W € C([0,00), L2 ).

2
ferm

Finally, suppose W/ is an arbitrary solution in CV)([0, co), L
and denote A, :== W, — W/. Then A, € CY([0, c0), L) and

) with initial data W,

8tAt = Cdiss [Wt] - Cdiss[Wt/] - i[Heff[Wt] - Heff[Wt/]7 Wt/] - i[Heff[Wt]u At] . (614>

For this computation, and those that follow, it can be helpful to note that L2 is a real
Hilbert space whose scalar product can be written as (w',w) = [dktr(w'(k)w(k)). In
particular, it can be applied to conclude that ¢ — ||A4||% is continuously differentiable with
|| A¢]13 = 2(As, 3:A4). Since by periodicity of trace we have tr(A; (k) [Heg[Wi](k), A¢(k)]) =
0 for all k£ , this shows that

Ol A3 = 2 (Ar, Caiss[We] = Caiss[W] — i[Heat[W] — Hear[ W], W) - (6.15)

Applying Corollaries B4l and [5.3], the property ||IW/|| < 4, and Cauchy-Schwarz inequality,
we can conclude that there is a constant C' such that |0]|A|3] < C||As]]3. Therefore,
Gronwall’s lemma implies that for all ¢ > 0

W2 = W5 < [[Who — W15 (6.16)
This result implies both the stated stability and uniqueness of solutions in L2, and thus
concludes the proof of the Theorem. ([l

A Nearest neighbor dispersion relation at d > 3

We prove here that the nearest neighbor dispersion relation of the square lattice of dimen-
sion d > 3 satisfies all of the assumptions of the main theorem.

Proposition A.1 Ifd > 3, all the properties listed in Assumption [21] are satisfied by the
nearest neighbor dispersion relation,

d
w(k) :=c— Zcosp”, with p = 27k, (A.1)

v=1

where ¢ € R is arbitrary.
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Proof: Fix some d > 3 and define w by (AJl). It is clear that w is then continuous and
satisfies w(—k) = w(k). In the Appendix to [12] it is already proven that then there is a
constant C such that the free propagator p;(z) satisfies ||p¢||* < C(1 + |¢|)~7, and hence
it belongs to L'(dt). Therefore, (DRI) and (DR2) hold and we only need to prove that
also (DR is satisfied (note that the present conditions are different from those defined in
[12]).

Fix 0 € {—1,1}* and recall the definition of the functions Q and €; given in the
statement of (DREB]). We need to inspect

G(s) = / A/ A o Zimr 51U ) (A.2)
(’Ed)B X(Td)?’

defined for s € R*. It suffices to prove that [, ds|G(s)| < oo, as we can then choose as Cg
the maximum of all such bounds obtained from the 16 possible choices of o.

For the nearest neighbor dispersion relation, the constant term produces only a global
phase factor, and the integrals corresponding to the d different “directions” factorize. This
shows that |G(s)] = |F(s)|? < |F(s)[?, where

F(s) := / BE APk e 19 RED (A.3)
T3 xT3

4 4

g(s, kK = Z s;o; cos(Py;(k, k")) = Re (Z sicrjeipif(k’k/)> . (A.4)
i,j=1 6,j=1

Each P,; is a linear function of (k, k"), which are easiest to define by using the following

matrix representation
ki ko ks kit ko — k3
ky kb ks ki 4Ky — ks
Ky ke ki Ky 4 ko — K
Ky k) ki k4 kL — K
In order to better decouple the interdependence, let us change the integration variables
from (k,k’) to (¢, ) where ¢1 = 27mky, qo = 27k}, g3 = 27ks, ay = 2w (ks — ko), o =
27 (k% — k) and ag = 2m(ko — k). Then

P(k, k') :=2m (A.5)

¢ qs q3 + qQ—

Pk, K = @1 g3 — a3 g3 + a1 Q1 — Qp — a3 ’ (A.6)
42 E] Q3+ o —Qa3 @2+ a3 — Qg
G2 q3— a3 Q3+ Qe — Qg G2 — Qo

and, therefore,
g(s, k, k/) = Re (ei(h [810’1 + 8901 + 810’4671&1 + S2U4efi(a1+a3)}

+ e'® [5301 + 8401 + 330481(0‘3_0‘2) + 54046_10‘2]
+ e'd [810'2 + 820'26710{3 + S309 + 840’26710{3

+ 51036 + 59036 + s305el(@27) 4 3403ei(°‘2’a3)}> . (A7)
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This shows that for any fixed s € R* and o € [—7, 7]* there is ¢(s, ) € R? such that

3

g(s, k k') = Z R;(s, @) cos(q; + @i(s, ), (A.8)
i=1
where
Ri(s, ) == }3101 + $907 + s104e71 4 5204e_i(0“+0‘3)} , (A.9)
Ry(s, ) == }3301 + 8401 + 5304ei(0‘3_0‘2) + sqoue7i2] (A.10)
R3(s, @) ‘3102 + S9096 7V 4 §309 + S409e 13
+ 51036 + 590361 + s305el(27) 4 5403ei(°‘2’°‘3)} ) (A.11)

Therefore, we can first integrate over ¢, and this yields

da
re = o
[—m,m]3 ( ™

1L/ 00), (A.12)

where f(r) = ["_ gf: e 5P Ag shown in [12], by a direct saddle point argument, here we

can find a pure constant Cy such that | f(r)] < Cy(1 4 |r]) 2.
Collecting all the above estimates together, we can conclude that

/R4d8\9( )| < (20;) /R4d5 (/[Wm]adaﬁ(lJrRi(s,a))§>3_ (A.13)

By Fubini’s theorem, even if infinite, the integral here is equal to
/ da®Mda®da® / ds H foi(s)71, (A.14)
([m,m]3) =1

where for all 4, j € {1,2,3} we define

m;;(s) =1+ Ri(s,a)), (A.15)
fri(8) ==maj(s)ma;(s),  fo;(s) :=ma;(s)ma;(s), fa;(s):=my;(s)ms;(s). (A.16)

Thus by Hoélder’s inequality (A.14) is bounded by

’ }
[ e H( [ assts ):[ [ a0 H /dsf“ )
—TT, —m,m]3 R4

=
The main point of introducing the functions f above is that each of them is a product
of two terms, one of which depends only on either Ry or R,. Since R; does not depend on

»bl@

(A.17)
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s3 or S4, and Ry does not depend on sy or ss, it is possible to estimate the four-dimensional
integral over s by a product of two two-dimensional integrals. Even though the above
integrals might be infinite for some “bad” choice of a := oV, we can nevertheless always
estimate

[1 [ dssiats) < (Gala)Gata))Ga(e)G), (A.18)

where
Gi(a) = / dsidss (1+ Ry(s,a)) "1, (A.19)
Go(a) == / dssdss (1+ Ro(s,a)) "1, (A.20)
Gs(a) = sup /d81d82 (1+ Rg(:s,oz))’g : (A.21)

o

G4(a) = sup /d53ds4 (14 R3(s,a))” (A.22)

51,52
We will next derive upper bounds for G;. Only the most complicated case, G4, will
be considered here in detail; the other cases can be estimated similarly. We first recall
the definition of R3 and the lower bound |z| > max(|Re z|,|Im z|) valid for any complex
z. Since |oy + 03€2| > |sin ayl, it is nonzero apart from a set of measure zero. Whenever
sin ay # 0, we can estimate

R3(s, a)

= }51(02 + 0361%) + 55(09e71% 4 g3el) £ 53(0g + 03el(227)) 54071 (g, + agem)}

; 09e'* + g3e'?
> |og + 03e'“?| max | |s4 + a(a, s1, $2, 83)] , |s3Im : + b(a, s1, 8 ,
> o+ g ma s+ afen s s o0t 2T ) )
(A.23)
where a,b € R depend only on the shown variables. Here
09e1% 4 ggel®? 096l — o e 2jel(@s—02)/2
Im -2 ‘:’a =Im 2710{2 = 0903 sin S Im = — (A.24)
09 + 03€'*2 09 + 03€'*2 2 e'2 4+ 0903 ' 2
If 0903 = 1, then |0y + 03€'%2| = 2| cos(a/2)|, and we find
. 7€l 4 ggel? T Qs — Qi
o9 + 03¢'?| |Im . = 2 |sin — | |cos A.25
o2 3 | 09 + o312 2 2 ( )
Else, we have gy03 = —1, and thus |0y + 03¢'°2| = 2| sin(ay/2)| and
- 09e1% 4 ggel®? « g —
|0y + 03¢!°?| |Im = i 5 =2 sin—g’ sin ———> (A.26)
09 + 032 2 2

40



Therefore, apart from a set of measure zero

R3(s,a) > max (|s) + a'(«, s1, 82, 83)| , |55 + V' (e, 51, 82)|) (A.27)
where a/, b’ € R, s§ = 2|sin(as/2)| [t((az — a2)/2)|s3 and s} = 2|t(as/2)|s4, With t(z) =
cos(x), if o903 = 1, and t(x) = sin(z), if og03 = —1.

To estimate (G4, we represent the integrand as the product of its square roots, apply
the first of the lower bounds implied by ([A.27) to the first factor, and the second bound
to the second factor. Then we integrate over sy first, change it to s} 4+ @', and then change
s3 to sy + 1. Since [dr(1+|r|)~%® < oo, this shows that there is a pure constant C' such
that almost everywhere

C
(a2/2) sin(s/2)ta((os — a2)/2)] 7
where ¢4 denotes either “sin” or “cos” depending on the sign of 0503.

Repeating analogous steps to the other three cases, yields also the following almost
everywhere valid uppers bounds for some pure constant C'

Gy(a) < 7 (A.28)

C
Gile) = 7 sin(ag/?tl((al Faa)/2)] (A.29)
) < i) s (e a2 (4.30)
Gs(0) < T ) sm(ea 2t (on F aa) )] (A-31)

where each t;, i = 1,2, 3, denotes either “sin” or “cos” depending on the value of o.
Now we can collect the bounds together and apply once more Hoélder’s inequality to
simplify the estimates. We find that

A4ds\g(s)| < (%)Q/da (Glgz)é/da (G1G4)§/da (GoGl3)7 . (A.32)

which is finite, since each of the three integrals is finite. For instance, by (A.29) and (A.30),
/da (GlGQ)%
<4 [day |sinfas/2)| 4
< [dar (a2t + as)/2) [ das fafas/2ea((as — az)2)1
< / das | sin(as/2)| / das [t(an/2)] 3 / das |ta(as/2)| 3 (A.33)

2/3
)

Wl

and all of the remaining integrals contain only integrable singularities of the form r~
for all allowed choices of t; and t,. The integrals f do (G1G4)% and f do (GQG;»,)% are of
the same form, and the argument proving their finiteness is identical to the above. This
completes the proof of the Proposition. O
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